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Abstract. We construct regular integral canonical models for Shimura varieties attached 
to Spin groups at (possibly ramified) primes p > 2 where the level is not divisible by p. 
We exhibit these models as schemes of 'relative PEL type' over integral canonical models of 
larger Spin Shimura varieties with good reduction at p. Work of Vasiu-Zink then shows that 
the classical Kuga-Satake construction extends over the integral model and that the integral 
models we construct are canonical in a very precise sense. We also construct good compact- 
ifications for our integral models. Our results have applications to the Tate conjecture for 
K3 surfaces, as well as to Kudla's program of relating intersection numbers of special cycles 
on orthogonal Shimura varieties to Fourier coefficients of modular forms. 



Introduction 

The object of study in this paper is a Shimura variety Shx(G, X), where G — GSpin(V, Q) 
is attached to a quadratic space (V, Q) over Q of signature (n, 2). More precisely, suppose that 
L C V is a maximal lattice with dual lattice L v . We work over Z [i] and with level K C G(Af), 
where K is the largest sub-group of the stabilizer of that acts trivially on I v /L. Our results 
can be summarized by the following theorem. 

Theorem 1. Over Z [i] , SIir-(G, X) admits a regular canonical model with a regular toroidal 
compactification. 

The word 'canonical' is used in a very precise sense that is explained in § [BJ 
The basic idea of the proof is quite simple. Let us work over Z( p ) for some odd prime p. 
When the lattice L is self-dual at a prime p, K p is hyperspecial, and the results of [KislOj 
already give us a smooth integral canonical model over Z( p ) (compactifications are dealt with 
in |MP13aj ). In general, we can exhibit L as a sub-lattice of a bigger lattice L that is self-dual 
at p, and is such that the associated quadratic space (V, Q) over Q again has signature (m, 2), 
for some m € Z>o- This in turn allows us to exhibit Shft- (G,X) as an intersection of divisors 
in Sh^(G, X), where (G,X) is the Spin Shimura datum attached to (V, Q). Let S^t* be the 
integral canonical model for Sh^(G, X) over Z( p ). We show that the divisors have a moduli 
interpretation, which allows us to define models for them over 5?%. We then construct our 
regular models as intersections (over 5?%) of these integral models of the divisors. 

Let us be a little more precise. The classical Kuga-Satake construction, combined with 
Kisin's construction, gives us a natural polarized abelian scheme (A KS , A KS ) over JP^W. Let Lb 
be the Z( p )-local system over c attached to Lz (p) - Let H B be the first Betti cohomology 
of Ajp over 5?% c with coefficients in Z( p ) . Then the construction allows us to view is as a 
sub- local system of Hb <S> Hg. Given an Sh^(G, X)-scheme T, we say that an endomorphism 
/ of A^ s is special if over Tc it induces a section of Lb- Then the divisors mentioned above 
can be viewed as the loci where A inherits certain special endomorphisms of fixed degree. So 
we obtain a moduli interpretation for Sh^(G, X) — > Sh^(G, X) as the locus over which A KS 
inherits a certain family of special endomorphisms. For an analytic viewpoint of all this in the 
case of orthogonal Shimura varieties, cf. |Kud97j . 
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Let .Hens be the first crystalline cohomology crystal of over F . Then Kisin's work 

provides us with a canonical sub-crystal -L C ris C Hcris ® H^ ris attached to the quadratic space 
L. This allows us to give a definition of specialness in characteristic p as well: For any S*g- F - 

scheme T, an endomorphism / of Aji S is special if its crystalline realization is a section of L cr i s 
at every point of T. We can patch together the two notions of specialness to get the notion of a 
special endomorphism of A KS in general. This permits us to extend the moduli interpretation 
for Shx(G,X) (relative to Shg-(G, X)) over Z( p ), and so gives us a natural integral model for 
Shjr(G, X). To study its local properties, it remains to study the problem of deforming special 
endomorphisms of A KS . This we do using ideas of Deligne |Del81] and Ogus |Ogu79| , though 
we have preferred to couch it in the language of local models. 

Note that, for low values of n, there are direct, moduli-theoretic ways to construct these 
integral canonical models. For the case of Shimura curves, cf. }KRY06] . and for the case 
of certain Hilbert-Blumenthal surfaces, cf. |KR99] . Moreover, there is work in progress by 
Kisin and Pappas, which will generalize the methods of [KislO to construct integral models of 
Shimura varieties of abelian type with general parahoric level at p. Though part of our work 
is, in some sense, subsumed by theirs, the simple and direct nature of our construction seems 
to be quite useful in applications, which include the Tate conjecture for K3 surfaces in odd 
characteristic (MP 13b] , and also forthcoming work, in collaboration with Andreatta, Goren 
and Howard, on the arithmetic intersection theory of spin Shimura varieties. 

Tour of contents. In § [I] we summarize what we need about Clifford algebras and Spin 
groups. In § [21 after a review of quadratic lattices, we define the spaces that will serve as local 
models for our regular models, and study their properties. 

In § [31 we discuss the spin Shimura variety and its integral canonical model at a prime where 
the level is hyperspecial. In particular, we describe carefully how the existence of the crystal 
-L cl is discussed above follows from Kisin's results in [KislO) . 

§ [H is a discussion of special endomorphisms in characteristic 0. In § we define special 
endomorphisms in characteristic p and study their deformation theory. 

Given this prelude, the construction of regular models in § is quite simple. In fact — 
since we will need this generality in [MP13b] we construct models for spin Shimura varieties 
attached to arbitrary quadratic lattices over Z( p ) . When the lattice is maximal, we use results 
of Vasiu-Zink |VZ10j to show that these models are regular and canonical in a very precise 
sense. 

In § we prove an ^-independence result for special endomorphisms. More precisely, we 
show, under certain conditions, that the specialness of an endomorphism can be checked using 
its £-adic realization, even for primes £ ^ p. These conditions are now always known to hold 
by the work of Kisin. 

Finally, in § we show that the results of [MP 13a] give us good toroidal compactifications 
of the regular canonical models, and, more generally, for the integral models attached to the 
quadratic lattices considered in § [6l 
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1. Clifford algebras and Spin groups 

1.1. Let R be a commutative ring in which 2 is invertible, and let (L, Q) be a quadratic space 
over R: by this we mean a free i?-module L of finite rank equipped with a quadratic form 
Q : L — > R. We will denote by [-, -]q : L ® L — > R the associated symmetric bi-linear form, its 
relation with Q being given by the formula 

[v, w]q = Q(v + w) — Q(v) - Q(w). 

We have the associated Clifford algebra C := C(L) over R, equipped with an embedding 
L <-}■ C(L). This algebra has the following universal property: For any i?-algebra S we have a 
bijection: 

Hom fl _ alg (C7,S) ^ {if e Rom R (L,S) : <p(vf = Q{v)} 
f^f\ L - 

From this universal property, it is clear that, if S is an i?-algebra, and (Ls, Qs) is the quadratic 
space over S obtained from [L, Q) by extension of scalars, then we have a canonical isomorphism 
of S'-algebras 

C s :=C® R S AC(L S ). 
We denote by j : C — > C the involution corresponding to the map 

v i y —v; 

and we denote by * : C — > C op the anti-involution, called the canonical involution, corre- 
sponding to the map 

L -> C op 

V h-> V. 

We have a Z/2Z-grading 

C = C+ ffi C~ 

where C + is the +l-eigenspace of j and C~ is the —1 eigenspace of j. C + is a sub-algebra of 
C, and we will call it the even Clifford algebra. 

Lemma 1.2. Suppose that L\ C L is a direct summand of co-dimension r. Then C is a 
projective module of rank 2 r over C(Li). 

Proof. Choose any decomposition of R- modules L = L\ © then one easily checks that the 
natural multiplication map 

C(L X ) % R C(L 2 ) -> C 

is an isomorphism of C(Li)-modules. Now, we only have to note that C(L2) is projective over 
R of rank 2 r : Indeed, it is isomorphic as an i?-module to the exterior algebra A'L,2- □ 
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1.3. Suppose now that Q is non-degenerate: that is, it induces an isomorphism L ^> L v . 
Then we can use the Clifford algebra to define a reductive group scheme GSpin(L,Q) over R. 
For any R- algebra S, we have: 

GSpin(L,Q)(S) = {x g (C+) x : x^)^ 1 = L s }. 

It sits in a cross with exact lines: 

Spin(L, Q) 



G m c > GS P in(L,Q) i >i SO(£,Q) 

v : x x*x 



GSpin(L, Q) acts naturally on C via left translation. When we view C as a representation of 
GSpin(L,Q) under left multiplication, we will denote it by H. Denote by p : C — > End/?(i?) op 
the right action of C on H by right multiplication. The canonical embedding L C C allows us 
to view I as a space of p-equivariant endomorphisms of H . 

From now on, we will continue to maintain the assumption that Q is non-degenerate. 

Remark 1.4. In the literature, one sometimes also finds the additional condition x*x g S x 
as part of the definition of GSpin(L, Q)(S). This condition is in fact redundant. This is 
well known when S is a field (cf. for example, |ShilO[ Theorem 24.7]), and from this the 
redundancy follows by standard arguments: If S is reduced, then the condition can be checked 
after specializing at all points of S, and so holds over S itself. In general, after a faithfully flat 
base change, we can assume that (L,Q) = (Lq,Qq) ®z R, for some self-dual quadratic space 
(I/O; Qo) over Z [|] . Now, one only needs to check the condition x*x g S x , when S is the ring 
of functions of GSpin(Io7 Qo)- It is therefore enough to observe that S is reduced: Indeed, it 
is a finitely generated Z [|] -algebra all of whose fibers are smooth of the same dimension, and 
must therefore itself be smooth. 

1.5. Let GL+(H) c GL R (H) be the sub- groupj of automorphisms that preserve the grading 
on H: this is the group of units in the algebra End^(iJ) of graded endomorphisms of H. The 
commutator of p{C) in GL^(iJ) is the group scheme U(if), where, for any i?-algebra 5 1 , we have 
U(H)(S) = (End+ C) (ff s )) x = (Cs) x . By definition, GSpin(L, Q) is a sub-group of XJ(H). 

The pairing [<p\, f2\ = Tr^ioi^) on End^(_ff) is symmetric, non-degenerate and restricts 
to the pairing [•, -}q on L C C. Choose an i?-basis ex, . . . , e m of L and let (fij) g GL m (i?) be 
the matrix whose inverse is (fij)^ 1 = ([ej,ej]<g). Consider the endomorphism 7r : Endi?(iJ) — > 
Endfl(-ff) given, for ip g End R (H) by 

It is a simple check to sec that tz does not depend on the choice of basis for L. The following 
lemma is also easily shown. 

Lemma 1.6. 

(1) it is a GSpin(L, Q)-equivariant idempotent projector and its image is L C End/?(iJ). 



The word 'group' from now on will mean 'ij-group scheme' 
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(2) GSpin(L,Q) C XJ(H) is the stabilizer of tt : End R (H) -> End R (H). 

□ 

Remark 1.7. In the above situation, suppose that R = Z( p ) and only that (Lq,Q) is non- 
degenerate. Then it is easy to see that, even if 7r no longer preserves Endz (p) (H) C EndQ(ifQ), 
the image of Endz (p) (H) under iz is exactly the dual lattice L v C Lq. We will return to this in 
§11 

1.8. There exists an i?-linear reduced trace map Trd : C —¥ R, unique up to scaling by R x , 
such that the pairing 

(x, y) i->- Tr&(xy) 

is a non-degenerate symmetric bilinear form on G. This is easily checked when (L, Q) admits 
a Lagrangian decomposition L — W W, via the isomorphisms 

^ | Endfl(/\* if) , if rkfj i is even; 

~ \End fl (A* W) x End/? (A* W) , if rk fl L is odd. 

Since, fppf locally on Speci?, we can always find a Lagrangian decomposition of L, we can 
conclude in general by fppf descent. 

For any S G C x such that S* = —5, the form ips(x,y) = Trd(xSy*) defines an i?-valued 
symplectic form on H. 

Lemma 1.9. For S as above, the line {4>$] in Hom(iJ <g> H, R), spanned by the symplectic form 
ips, is preserved by GSpin(i,Q). The similitude character o/GSpin(i,Q) obtained from its 
action on this line agrees with the spinor norm. 

□ 

Definition 1.10. The embedding GSpin(L, Q) ^> GSp(H, ips) (for any choice of 5 as above) 
will be called a Kuga-Satake embedding. 

Remark 1.11. We can also consider the global setting of a Z [i]-scheme S and a vector bundle 
L over S equipped with a quadratic form. All considerations and definitions above generalize 
immediately to this situation. 

Definition 1.12. We will need one further piece of notation: For any pair of positive integers 
(r, s), we set 

H ®(r,s) = H v (g>---(g)H w (g)H(g)---(g)H 

r times s times 

We will also use this notation for objects in other tensor categories without comment. 
Note that we can now think of n as an element of 7J®( 2 - 2 ). 

1.13. Let Go = SO(L, Q). Since there exists a central isogeny G — > Gq of reductive groups, 
there is a bijective correspondence between parabolic sub-groups of G and those of Go- We want 
to make this correspondence explicit on the level of linear algebra, for certain parabolic sub- 
groups. To each isotropic sub-space L 1 C L, we can attach the parabolic sub-group Pq C Go 
that stabilizes L 1 . We get a decreasing filtration: 

= F 2 L C F X L = L 1 C F°L = (L 1 ) 1 - C F~ X L = L. 

Since L 1 is isotropic, we have a canonical embedding of i?-algebras 

A'L 1 C ^ Bnd R {H). 
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If N C Endn(H), write imA~ for the union of the images in H of the endomorphisms in N. 
Similarly, write ker N for the intersection of the kernels of the elements of N. Then we have, 
for every integer i = 0, . . . ,r + 1: 

im(A i L 1 ) =kcr(A r - i+1 L 1 ). 
Moreover, im^A 1 ^ 1 ) C im(A l_1 L 1 ). So we can define a descending filtration F'H on H by 

F i H = im^L 1 ). 

Suppose that [Iq : G m — > Go is a co-character splitting F'L. It gives rise to a splitting 

L = L 1 ®L°®L-\ 

with F i L = ^j >i V , and where [1q(z) acts on via z 1 . In particular, L" 1 is another isotropic 
direct summand of L that pairs non-degenerately with L . 

Take the increasing filtration EiH = kcr(A i+1 L" 1 ) = im(A r - t L~ 1 ), and set H i = E t H n 
One easily checks that this is a splitting of F'H. 

Let /i : G m — > GL(H) be the co-character that acts via z % on H l . By construction, H l is 
p(C)-stable, and one can check easily that /i(<G m ) preserves the grading on H. So fi must factor 
through U(-ff). Furthermore, we find that, if v e L and i = 0, 1, . . . , r, then: 

' H l+1 ifuGi 1 ; 
r • //' c <( iT if v e L°; 

ff*- 1 ifuel,- 1 . 



This shows that: 



if v e L 1 ; 



{z ■ v 
v if v G L a ; 

z^ 1 ■ v if t> G L — 1 . 

In other words, /i factors through G and is a lift of fj,Q. This shows the following: 

Proposition 1.14. The parabolic sub-group P C G lifting Pq C Go is tte stabilizer in G of 
F'H. 

□ 

2. Lattices in quadratic spaces 

Our main reference for this section is [Shi 10] . 

2.1. For any discrete valuation ring & with fraction field F, and any quadratic space (Z.q) 
over F, an ^-lattice M C 2 is maximal if q is ^-valued on M, and there is no larger 6- 
lattice in Z on which q is ^-valued. For any ^-lattice M C Z on which is ^-valued, let 
disc(M) = M v /M, where M v C Z is the dual lattice: 

M v ={zeZ: [m, z] € 0, for all m € A/}. 

We say that M is self-dual if M = M v ; any self-dual lattice is automatically maximal (since 
p > 2). Any quadratic space M over 6 will be termed maximal (resp. self-dual or perfect) if 

it is maximal (resp. self-dual) in M | . 

Let (L, Q) be a quadratic space over Z( p ) that is non-degenerate over Q. We will assume that 
we are given a perfect quadratic space (L, Q) over Z( p ) admitting (L, Q) as a direct summand. 
Set A = L 1 c L. Let G = GSpin(L, Q), and let G c G be the sub-group such that, for any 
Z( p )-algebra R, we have: 

G(R) = {g e G(R) : 9 \ Ar = 1}. 
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Proposition 2.2. 

(1) The group scheme G is smooth over Zr p \ with generic fiber GSpin(LQ,Q) 

(2) Let R be any fiat 1,^- algebra. Then 



G(R) = {g£G\R 



P 



gLn = Lr and g acts trivially on L R /Lj 



(3) The group scheme G does not depend on the choice of perfect quadratic space L con- 
taining L. 

(4) Suppose that Vi,...,v<i is a basis for A. Let R be a TL^- algebra, and suppose that we 
have a d-tuple {w\, . . . ,Wd) £ L R , generating a direct summand of Lr and satisfying 
[wi, Wj]q = [vi, Vj\Q ; for all i,j. Then the functor V w on R-algebras given by 



V w :B4 i g £ G(B) : gvi — Wi, for all i 

is represented by a Gn-torsor over R. 

Proof. For ([I]), note that G m — ker(G — > SO(L,Q)) is a smooth sub-group of G. Let G' (resp. 
G") be the Z( p )-group scheme G/G m (resp. G/G m ): it is enough to show that G' is smooth 
over Z( p ) . 

Let R be a Z( p )-algebra, let I C R be a square-zero ideal, and let Ro = R/I. Suppose that 
we have go € G'(Rq): We want to find g € G'(R) mapping to g . Choose any g € G'(i?) lifting 
5o- For v G Ar, g(v) — v belongs to / (&r Lr. Consider the assignment v i-> g(v) — v. restricted 
to Ar, it factors through a map of i?o- m °dulcs: 

U : A Ro -> I ® Z(p) L. 

It follows from its definition that U is an element of the i?o _m odule / ®z {p) 0A ; where 
aA = {/ € Hom(A, L) : [f(v),w] + [v, f(w)} = 0, for all v, w € A}. 

There is a natural restriction map Lie(G') — > oa- We claim that this is surjective. It is 
enough to check this after tensoring with ¥ p , and here, one can do an easy dimension count. To 
finish the proof of (TT]), choose X £ I®z {p) Lie(G') such that X\^ R = U, and take g = (1 — X)g. 

Let us show ([2]). Since R is flat over Z( p j, G(R) is naturally contained in G (^R | ^. We 
just have to check that the functorial description of G(R) identifies it with the subset described 
in ©. 

This amounts to checking the following thing: Suppose that we have g £ G (it 
that gLR = Lr. Then: 



such 



gLR = Lr g acts trivially on L r /Lr. 
By hypothesis, g acts trivially on A^,. We also have a natural isomorphism: 

Z/A ^ L v . 

Therefore, it is enough to show: 

gL R = L R o (g - 1)(L R ) c Lr. 

If (<? — 1)(Lr) C Lr, then easily gLR = Lr. So suppose that gLR = Lr. Choose any 
u £ Lr; it is enough to show that p r (gu — u) £ Lr, for some r £ Z>q. Since A © L has finite 
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index in L, we can find r G Z>o such that p r u — w + v, for some w G Ar and v € L_r, giving 
us the equality p r gu = g(w + v) = w + gv, and so 

p r {gu — u) — w + gv — (w + v) = gv — v G Lr. 

This shows ©• 

Take R = Z™^ to be the strict henselization of Z( p ) . Then © is immediate from the following 
assertion: Given a smooth Q-scheme X , a smooth Z( p ) -model X for X is uniquely determined 

by its set i?-valued points X(R) C X ^i? | ^j. Indeed, this follows from [BT871 1.7.6] and 
faithfully flat descent. 

The proof of ((4]) proceeds similarly. We first show that V w is formally smooth: Suppose that 
B -» Bo is a surjection of i?-algebras with square-zero kernel /. Suppose also that we have an 
element go G V w (Bq). We can lift go to an element g G G(B). For each i, gvi = Wi + Ui, for 
some Ui G / <8> L. Just as above, we can find X € I (8) Lie G such that X(t>i) = g~ 1- iti. The 
element g = g(l — X) is now an element of V w lifting ^o- 

We can now finish by showing that, for every residue field k of R, V w (k) is non-empty. 
But this follows from Witt's extension theorem. Note that this is where we crucially use the 
hypothesis that the sub-space generated by {wi} is a direct summand. □ 

Lemma 2.3. Let (L,Q) be a maximal lattice over 7L^ v y Suppose that ff is an absolutely 
unramified discrete valuation ring over Z( p ) of mixed characteristic (0,p), with fraction field F. 
Then: 

(1) disc(L) is an ¥ p -vector space of dimension at most 2. 

(2) iz p is also maximal. 

(3) Suppose that we have an isometric embedding (L,Q) <->• {L,Q) as a direct summand of 
a perfect lattice L. Set A = L C L. If A' C Lg is a sub-space isometric to A@, then 
one of the following statements holds: 

(a) A 1 is a direct summand of Lff. 

(b) (A 1 ) 1 - is a perfect lattice. 

Proof. For (TTJ, we first claim that pL v C L. Otherwise, there exists w G L v such that p 2 w G L 
but pw ^ L. It is easy to see that L + (pw) C L v is then a larger Z( p )-lattice on which Q 
is Z( p )-valued, giving us a contradiction. This shows that disc(i) is an F p -vector space. To 
see that it has dimension at most 2, we note that the radical of Lp has dimension at most 2; 
cf. pulOl 29.10]. 

Now, note that disc(L^ p ) = disc(L). Therefore, all Z p -lattices contained in an( i con ~ 
taining L% p are already defined over Z( p ) . This shows that L% p is also maximal, giving us 
©■ 

Let us now look at (J3)): First, note that A is also maximal. Indeed, for any direct summand 
N C L, both disc(A^) and disc(A fJ -) are canonically isomorphic to L/(N + N- 1 ). In particular, 
since L is maximal, A has minimal possible discriminant among lattices in A ® Q, and must 
also therefore be maximal. If A' C Lff is a direct summand, we are done. Otherwise, (A')- 11 - is 
a direct summand of Lff properly containing A' and properly contained in (A') v . But, by ([1]), 
disc(A') ~ disc(A) is an F p -vector space of dimension at most 2. It follows that (A')- 1 - 1 , and 
therefore (A')^, must be perfect lattices. □ 

We now recall some definitions and results from [VZ10] . 

Definition 2.4. A Z( p )-scheme X is healthy regular if it is regular, faithfully flat over Z( p ), 
and if, for every open sub-scheme U C X containing Xq and all generic points of X^ p , every 
abelian scheme over U extends uniquely to an abelian scheme over X . 
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A local Z( p )-algebra R with maximal ideal m is quasi-healthy regular if it is regular, 
faithfully flat over Z( p ), and if every abelian scheme over Spec i?\{m} extends uniquely to an 
abelian scheme over Spec R. 

Theorem 2.5 (Vasiu-Zink). Let R be a regular local algebra with algebraically closed 
residue field k, of dimension at least 2, which admits a surjection 

R^W(k)[\T 1: T 2 \}/(p-h), 

where h ^ (p,T^ ,T% ,Tf ). Then R is quasi-healthy regular. In particular, if R is a 

smooth algebra, then R is quasi-healthy regular. 

Proof. This is |VZ10| Theorem 3]. □ 

Lemma 2.6. Let (Z,q) be an anisotropic quadratic space over Q p . Then: 

(1) dimZ < 4. 

(2) The sub-set 

M = {zeZ: q(z) e Z p } 
is the unique maximal lattice in Z . In particular, for every unimodular element m G M , 

v P (q( m )) e {0,1}. 

(3) Let N C Mf p be the radical. Then 

dim(A) < min{dimZ,2}. 

Proof. All these facts are very classical; cf. [ShilOl 25.5,29.7,29.10]. □ 

Let Mq c be the Z( p ) -scheme such that, for every Z( p ) -algebra R, we have: 

M l § c (R) = {Isotropic lines L C L fi }| 

Proposition 2.7. Let N C L^ p be the radical, and let r = dim N and s = t — r — 1. We will 
assume that N ^ L^ p ; or, equivalently, s > 0. 

(1) Mq C is flat, projective of relative dimension t — 2 over Z( p ) . 

(2) The singular locus of Mq ^ consists of lines contained in N, and so can be identified 
with ¥(N), and has co-dimension s in Mq ^. In particular, if L is maximal, then it 
has co-dimension at least t — 3^ 

(3) Mg j is an lei variety. It is reduced if and only if s > 1. It is normal if and only if 
s > 2, and smooth if and only if r = 0. 

(4) If L is maximal, then Mg C is healthy regular. 

Proof. |T]) is a direct consequence of the hypothesis that N ^ L$ p . |J2J) is an easy fact about 
quadrics; the conclusion about the co-dimension of the singular locus when L is maximal follows 
from (I2.6|) (j3j). Finally, ((SJ follows from ((2]) and standard criteria for reducedness and normality. 

To prove ([?]), we can and will work with Mq ^. We now invoke |ShilQ[ 29.8], where it is 
shown that there exists a Witt decomposition: 

V 

i=l 

such that 

V 



'A line is an i?-sub-module that is locally a direct summand of rank 1. 
'Here, P(JV) denotes the space of lines in N. 
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Here, for each i, Q p • Xi © Q p ■ yi is a copy of the hyperbolic plane, Z is anisotropic, and M C Z 
is the unique maximal Z p -lattice. Note that to = dim Z is at most 4. 

Suppose that the quadratic form on M, with respect to a suitable basis, is given by Ej=i bjTj- 
Then the projective co-ordinate ring for Mq c Zj is isomorphic to 

Zp[Ui, L u T ■ : 1 < i < v, 1 < j < to] 

(y.,i ,\, . v ■ 

We now show that the complete local rings of Mg c of dimension at least 2 are quasi-healthy 
regular. This will show (j4j. 

Suppose first that we have a point s € Mg c (i/) valued in a finite field k, where the homo- 
geneous co-ordinates U\, . . . , U v , V\, ■ ■ . , V v all vanish (otherwise, s is a smooth point, and the 
completion at s is quasi-healthy by (12.5p ). We can assume that we have 

[Ti(s) : T 2 (s) : • • • : T m (s)} = [1 : a 2 : ■ ■ ■ : a m ], 

for di £ k (Note that m > 1, necessarily). If we denote the Teichmuller representative of a, in 
VK(fc) again by a,, the complete local ring of Mg c at s is 

^ = V^Wtlu,,^,^- : l<i<^ 2<j<m\] 

(E< + Ej>2 + 2 Ej> 2 "A'.; + fo i + E 3 >2 & J a |) ' 

We first claim that 

(2.7.1) vJbi + Y,b j af)=l. 

This follows from (|2.6p ([2^1. In particular, we find that G 8 must be regular. 
If v > 1, it is easy to see that we have a surjective map 

d s ^w{k)[\x 1 ,x 2 \}/{p-x x x 2 ). 

So & s is quasi- healthy regular, by (12.51) . 

If v = 0, then we must have to = dimZ > 3. If b\ is a unit, then by (|2.7.1[) at least one of 
the bj, for j > 2, must also be a unit. So, without loss of generality, we can assume that b 2 is 
a unit. Given this, it is simple to find a surjective map 

d s ^ W(k)[\X 1 ,X 2 \]/{p - a x Xl - a 2 Xl), 

where at least one of the on is a unit in W(k). Again, by (|2.5[) . we conclude that G s is quasi- 
healthy regular. 

If dim N = 1, so that the singular locus is a point, all the complete local rings of Mg c at 
the non-closed points are formally smooth over Z p and are therefore quasi-healthy regular. If 
t = 3, then the only points whose complete local rings have dimension at least 2 are the closed 
points, and so we are again done. 

We are therefore left with the case where dim TV = 2 and t > 4. In this case, the singular 
locus is a rational curve in the special fiber, and we have to investigate the complete local ring 
of M 1 q c at the generic point r\ of this curve. Since dim N = 2, we can assume that 



Vpibj) = 



1 if i = 1,2; 
otherwise. 



We then find that G n is isomorphic to the completion of the ring 

Z p [ui,Vi,tj : 1 < i < v. 2 < j < m] 



(Ei «<«i + b i + Ej> 2 
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at the ideal (p, u,, Vi, tj : 1 < i < v; 3 < j < to). In particular, the residue field of G n is k p (t 2 ). 
Let k be an algebraic closure of kpit-z); then there exists a faithfully flat local d?„-algebra -R of 
the form 



R 



W(k)[\ Ui ,Vi,t 3 : l<i<r; 3 < j < m[ 



(T, i UiVi + T,j>3 b 3 t i+P a ) 

where a £ W(k) x . Now, the same argument as above, considering the cases v ^ and v = 
separately, shows that R is quasi-healthy regular. This implies that is also quasi-healthy 
regular and completes the proof of ^ . □ 

3. Spin group Shimura varieties 

Fix a prime p > 2, and let (L, Q) be a quadratic space over Z( p ) of signature (n, 2) with 
n > 1. By this, we mean that the largest positive definite sub-space of Lr has dimension 
n. Set V = Lq. Let G be the smooth Z( p )-group scheme attached to L in (12. ip . so that 
Gq = GSpin(V, Q). 

3.1. Let X be the space of oriented negative definite 2-planes in Vr. The points of X cor- 
respond to certain Hodge structures of weight on the vector space V, polarized by Q: Fix 
hel, and suppose that (eh, /h) is an oriented, orthogonal basis for the oriented negative def- 
inite 2-plane attached to h, with Q(e\ l ) = Q(fh) = — 1- Also fix a square root of —1, y— T € C. 
Set 

>h + v^T/h)c v c if ( P , 9 ) = (-i,i); 

(e h ,/h) X cFc if (p s ff) = (0,0); 

(eh - v^l/h) c V C if(p,g) = (l,-l); 
otherwise. 



rP,9 



Then Lh is a Z( p )-Hodge structure of weight with underlying Z( p )-module L; the associated 
Q-Hodge structure is polarized by Q. We also find that X admits a natural embedding as 
an open sub-space of P(Vfc) and that its two connected components are switched by complex 
conjugation. 

Lemma 3.2. The pair (Gq,X) is a Shimura datum with reflex field Q. 

Proof. We attach to h E X the map C — > Ck that carries y/—l to eh/h- This in turn allows 
us to attach to h a co-character jh : S — > Gr, and one easily checks that this makes (Gq,X) 
a Shimura datum. The key point is that the conjugation action of Zh = £h/h on Vr is simply 
reflection in the plane (eh, /h), and so the form [vt, Zh^Jg is positive definite on Vr. 

To compute the reflex field, choose h such that eh = a ■ e and /h = b ■ /, for e, / e V and 
a, 6 e R>o- Suppose that a = Q{e) and /3 = Q(/), and let E 1 = Q(v / a / S); then jh descends to a 
map Res£/Q(G m Ge, and so the reflex field of (Gq,X) is contained in _E. Since n > 1, there 
exists m <E (e, /} C V such that Q(u) = 7 > 0. Replacing e with e + ku for appropriate fc G Q, 
shows that E(Gq,X) is contained in Q(y (a + /c 2 7)/?) for all fc of sufficiently small magnitude. 
Therefore, we must have E(Gq,X) = Q. □ 

3.3. Fix a compact open sub-group if c G(A/), and let Shi^(GQ,X) be the associated 
Shimura variety over Q. We will assume that K is of the form K p K p , where K p = G^Zp) C 
G(Q P ) and K p C G(A^). We will also assume that if p is chosen to be small enough, so that 
Sh/f (Gq,X) is an honest smooth variety and not just an algebraic space. By weak approxima- 
tion for Gq (which can be deduced from weak approximation for its derived group, which is 
simply connected [PR94, Theorem 7.8]), we have an identification of complex analytic varieties: 

Sh K (G Q ,X)^ = G(Z {P) )\(X x G(A p f )/K"). 
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Viewing L as a representation of the discrete group G(Z/ p \), we obtain a Z( p )-local system 
Lb over Shx (Gq, A)™. Also, A is an analytic open sub-variety of the complex quadric A 
that parameterizes isotropic lines in Vfc. As such, there exists a tautological G(R)-equivariant 
filtered vector bundle (V ® ff^, F'(V <8> ^ n )) with 



In fact, the specialization of this filtered vector bundle at any point h € A gives us the 
Hodge structure V^. Since it is GjR-equivariant, it descends to a filtered analytic vector bundle 
(KlRCJ-^'^dRc) over Sh^ (Gq, A)™. Moreover, this vector bundle is equipped with a natural 
integrable connection with respect to which F*V?£ C satisfies Griffiths transversality, and for 
which the horizontal sections are canonically identified with the local system Lb (8 C. In sum, 
the tuple (Lb, l^ c , F'VdR.c) is a variation of Z( p )-Hodge structures on SIir- (Gq, X) c n . The 
associated variation of Q-Hodge structures is polarized by the quadratic form on Lb- 

There exists a smooth toroidal compactification of S1ik(Gq, X)c such that VJ^ C has regular 
singular points along the boundary divisor (cf. [AMRT10, Har89 ). So, by the main result 
of [DeTTOj . 

^dRC algebraizes to an algebraic vector bundle with integrable connection VdR.c- 
Moreover, the filtration F'V d a £ c is, Zariski locally on SIi^Gq, X)c, associated with a map to 
the projective variety A, and so also algebraizes to a filtration F'VdR,c- We will see below 
that (VdR.c, F'VdR,c) descends to a filtered vector bundle over Sh#-(GQ,A) with integrable 
connection. 

For any Z( p )-algebra R, we can form the i?-local system Lb <£> R- If R = Z p ,Q^,Aj, then 
Lb ® R is in fact an i?-local system on the algebraic variety SIi^Gq, A)q. We will denote 
the associated local systems by L p ,Vi and V a p , respectively. We will see below that all these 
sheaves descend to S1ik-(Gq, X). 

3.4. Let G = C(L,Q) be the Clifford algebra for (L,Q). As usual, when viewing it as a 
representation of G, we denote it by the letter H . For 5 6 G n Gq satisfying 6* = —8, set 
Gs,q — GSp(Hq,ipg), so that we have the Kuga-Satake embedding Gq c -t Gs,q- Let X be the 
space of Lagrangian sub-spaces W C He (with respect to the form ifjs) such that the Hermitian 
form v / — l'05( u 'i) W2) restricts to a (positive or negative) definite form on W: this is simply the 
union of the Siegel half-spaces attached to (H,tp$). 

Lemma 3.5. One can choose 8 so that the Kuga-Satake embedding induces an embedding of 
Shimura data (Gq, X) c — > (Qg t q,X). 

Proof. Let eh, /h S Vr be as in the proof of (|3.2j) . so that there exist e, / € L with eh = ae and 
/h = bf, and take <5 = fe. By the recipe in (|I.I4[) . the associated Lagrangian sub-space of He 
is Wh = im(eh — \[— T/h)- Finding 5 such that lips(zi, £2) is definite on Wh amounts to 
finding 8 such that the symmetric form 



is definite on L. We claim that 5 — fe works. To see this, we only have to observe that 
(e, /} C L is a positive definite quadratic space, and that: 



F 2 (V ® 0%) = 0, 

F X (V ® ^ n ) CF® <^ n is the tautological isotropic line, 



(zi,z 2 ) h> ips(efzi,Z2) 




□ 
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3.6. Let JC P C Gs,q(Qp) be the stabilizer of H% v . Then we have K p C JC P n G(Q P ). Let 
K = K P K P C G(Af) be as above; then, for any compact open JC P C Gs(A P j) containing K p , we 
have a finite, unramified map of canonical models of Shimura varieties over Q: 

Sh K (G Q ,X)-^Sh K (g StQ ,X). 

Here, K. = K. p K. p . We will call this a Kuga-Satake map. 

Sh/c(^i,Q, X) has a natural moduli description, which allows us to construct an integral 
canonical model Sjc for Sh/c{Qs,<Q, X) over Z( p ). To describe this, we will work with abelian 
schemes up to prime-to-p isogeny. More precisely, given a scheme T, the category AVr^ (T) of 
abelian schemes up to primc-to-p isogeny has for its objects abelian schemes A over T, where, 
for two abelian schemes A and B over T, the space of morphisms from A to B is the Z( p )-module 

Hom(yl, B) (p ) = Hom(i, B) ® Z (p) . 

Given an abelian scheme A over T, a quasi-polarization (or simply polarization) of A in 
AV( p )(T) will be an element A € Hom( J 4, ^4 V )( P ) that is a positive multiple of a polarization 
A':A^A V . 

From now on we will suppress the qualifying phrase 'up to prime-to-p isogeny': all abelian 
schemes will only be considered in the prime-to-p isogeny category. 

Given any scheme T, a prime I invertible in T, and an abelian scheme / : A — > T, we can 
consider the associated relative first £-adic cohomology sheaf i? 1 /*^. Let Q^(— 1) be the Tate 
twist: it is the relative first ^-adic cohomology of G TOj t over T. 

If T is a Z( p )-scheme, then we can make sense of the restricted products: 

A^(-l) = n^(-!) : Rl f*^f = n Rl f*®e 

as etale sheaves over T. Given a polarization A : A — > A v } we get an induced non-degenerate 
Poincare pairing of A^-sheaves 

Suppose that we are given A : A — » A v and an isomorphism 

r):H®A p f ^ R\UA p f 

of Ay-sheaves over T. Then we obtain two different non-degenerate pairings on H <E> A p : The 
first is the constant pairing into A^ arising from ip$, which we will again call ijjg; and the second 
is the pairing rj*tp\ into Aj(— 1) obtained by pulling back ip\ along r\. In particular, the existence 
of r\ implies that A^(— 1) is trivializable over T. We say that rj respects polarizations if, for 

some choice of isomorphism A^(— 1) ■=» A^, the pairings r)*xp\ and tps agree. 

In the above situation, we can consider the etale sheaf I P (A, A) over T defined as follows: 
For every T-scheme Z, I P (A, \){Z) will be the set of polarization preserving isomorphisms 

V :( H®A p ) z ^(R\UA p ) z . 

Then I P (A, A) naturally has an action by Gs{&f) on the right. 

For any Z( p )-scheme T, let S/c(T) be the set of isomorphism classes of tuples (A, A, [77]), 
where: 

• (A, A) is a polarized abelian scheme over T. 

• [77] is a /C p -level structure: it is a section of the quotient sheaf I P (A, \)/K p . 

For JC sufficiently small, S>c is (represented by) a quasi-projective scheme over Z( p ), whose 
generic fiber is canonically identified with Shic(Gs,Q, X). 
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3.7. We return now to the Kuga-Satake map 

Sh K (Gq,X) -> Sh K {g s , Q ,X). 

We assume that K p and JC P are chosen such that Shx^a.Q, X) admits the above description as 
a fine moduli scheme over Q with integral model Sic over Zr p -\ . 

Let 5?k be the normalization of S/c in Sh^ (Gq, X): all we know about it for now is that it 
is a normal, flat Z( p )-scheme. The following result is one we would like to (suitably) generalize 
in this paper: 

Theorem 3.8 (Kisin, [KislOl 2.3.8]). Suppose that (L,Q) is a perfect quadratic space over Z( p ) ■ 
Then S^k is smooth over Z( p ) . 

3.9. Over S/c, we have the tautological tuple (A, A, [77]). Let (A KS , A KS , [?7 KS ]) be the induced 
tuple over S?k'- this is the Kuga-Satake abelian scheme over ,5?k- Let Aq S denote the 
induced abelian scheme over Sh^ (Gq,X). The characteristic theory of Shimura varieties (cf. 
the argument in (16.51) ) shows that we have a natural map of Z( p )-algebras 

p KS :G^End(^) (p) . 

By the theory of Neron models (cf. |FC90[ 1.2.7]), when (L, Q) is perfect, it follows from (££8) 
that the map in fact factors through End(A KS )( p ). Moreover, the grading on H gives rise to a 
Z/2Z-grading A KS — A KS ' + x A KS ~ that is compatible with the grading on G. 

We will now use the Kuga-Satake embedding to give a motivic interpretation of the sheaves 
Lb,L p , VdR,c, Vi encountered above. 

3.10. Let Hb be the first relative Betti cohomology with coefficients in Zt p ) of the analytifica- 
tion of over =5^ n c . It is the sheaf attached to the G-representation W via the construction 

in (I3.1[) . The tensor ir 6 H^ 2 ' 2 " 1 gives rise to a global section 

n B eH (Sh K (G Q ,X)^,H®( 2 < 2) ®®). 

We can view as an idempotent endomorphism of the local system H®^ 1 ' 1 ^ ® Q, and we can 
identify the image of ttb with the local system Lb (8 Q- In fact, it follows from (|1.7p that the 
image of Hf 2 ' 2) under tt b is the local system L g attached to the dual lattice L v C L. This 
allows us to recover Lb &s well: it is the Z( p ) -sub-local system of Lb <£) Q that pairs integrally 
with L B . 

For every point s £ ^"k(C), we can identify the fiber fT® , with the Z( p )-module E,nd(H B (A^ s , Z, 
and so we can view Lb, s as a space of G-equivariant endomorphisms of H B (A^ S , Z( p )). Just 
as in (|1.5j) . the form 

[VuW] = ^2 Tr(95i o ^ 2 ) 

equips End(H B (A^ s , with a bi-linear form, restricting to the quadratic form on Lb, s - 

We note that ttb.s is in fact an endomorphism of Hodge structures, and so Lb. s is a Hodge 
sub-structure of End (H B (Af s , Z (p) ) ) . 

3.11. For I 7^ p, let .H^ denote the first relative £-adic cohomology sheaf of A KS over 5?k'- by 
this we mean that we are taking our coefficients to be Q r We will also consider the restricted 
product 

H A p = Hi 

Note that, for any geometric point s — > S^k, we have 

H e , s =Ht t (Af s ,®t). 



REGULAR INTEGRAL MODELS 



15 



By |KislQ[ 2.2.1], for each prime I ^ p, we obtain a global section 

Tr e eH (Sh K (G q ,X),Hf {2 ' 2) ). 

As in the case of Betti cohomology, we can view 717 as an endomorphism of the £-adic sheaf 
iff M) . Let V t C Hf M be the image of TTg. This conflation of notation is no co- incidence, 
since this construction recovers the £-adic sheaf Vg already defined in (|3.ip over S1ik-(Gq, X)c- 

Given a geometric point s — > S\ik(Gq, X), Hf^ 1 can be identified with End (Jfj t (Af s ,Q e )), 
and so we can view the fiber Ve yS as a space of endomorphisms of the Q^-vector space fl| t (A^ s , Qe ) 

Assume now that (L, Q) is perfect. Then, since S^k is smooth, ■ng, is in fact a section 
of Hf^ 2 ' 2 ^ over S"k, and so Vi extends to a sheaf over S^k- Let 7^, be the sub-sheaf of 
I P (A KS , A KS ) consisting of graded isomorphisms 

rj : H ® A p f ^ H a p 

that are C-equivariant and that carry tt to 7t a p, where 7t a p is the obvious product of the TT£, 
for £ p. Note that G(A^) naturally acts on the right on Iq via pre-composition, and that we 
have a natural map of quotient sheaves 

I P G /K P -> F(A KS ,A KS )//(?. 

Proposition 3.12. There is a canonical K p -level structure [i]q S } on A KS ; that is, a section 
of Iq/K p over ,5^k, such that [q KS } is its image in I P (A KS , X KS )/1C P . Therefore, for every 
geometric point s — > S^k, there exists a canonical isxiS^Ki s) -stable K p -orbit of C-equivariant 
graded isomorphisms 

V :H®A p f ^H} t (Af s ,A p f ) 

carrying tt to 7t a p s . In particular, there exists a canonical 7Ti(J^k"> s)- stable K p -orbit of isome- 
tries: 

n : V ® A p f ^ V A ? rS . 

Remark 3.13. Even if (V, Q) is not perfect, such a canonical i"C p -level structure always exists 
over Sh.K{Gq,X). 

3.14. When £ = p, we will permit a little inconsistency in our notation, and denote by H p the 
first relative etale cohomology of Aq over S\ik(Gq, X) with coefficients in Z p (as opposed to 
Q ). Its fiber at any geometric point s —> SIia^Gq, A) is H^A^, Z p ). 

The projector 7r induces a projector 7r p on Hf {lX) ® Q p . Its image is a descent over 
ShxiGq, X) of the p-adic sheaf L p <E> Q p . Just as in (|3.10p . we can also use 7r p to descend 
L p and its dual L p over S1i#:(Gq, X). For every geometric point s — > Shjf (Gq, X), there exists 
a C-equivariant graded isomorphism 

H®Z p ^Hl(Af s ,Z p ) 

carrying 7r to tt p , s - In particular, there exists an isometry 

L ® Z p — ^ Lp^s 

of quadratic spaces over Z p . 

3.15. Let HdR be the first relative de Rham cohomology of A KS over S^k, equipped with its 
Hodge filtration and the Gauss-Manin connection. Let f/dR.Q be its restriction to Shff (Gq, X). 
As shown in [KislOi 2.2.2], it gives rise to a global section 

TTdR.Q € H°(Sh K (GiQ 1 X),Hf^Q S> ) 
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that is parallel for the Gauss-Manin connection and lies in F° for the Hodge filtration. Let 
VdR, C Hf^ 1 ^ be the image of 7TdR,Q; here, we are viewing 7TdR,Q as an endomorphism of the 

vector bundle Hf^^, equipped with its integrable connection. Since 7T<jR,Q is parallel, V^r 
inherits a Gauss-Manin connection. It also inherits a filtration F'VdR, from the Hodge filtration 
on if^Q 2 -*. In fact, the filtered vector bundle (VdR, F'VdR) with integrable connection is a 
descent over Shfc(Gq,K) of the filtered vector bundle (VdR,c, -F'VdR.c) considered in (|3.ip . 

For any point s — > Shjf (Gq,X), we can identify fi^ 1 ^ with End(H^ R (Af s / k(s))) , and so 
we can view VdR, s as a space of endomorphisms of the fc(s)-vector space H^ R (Af s / k(s)) . As 
above, we can equip VdR, s with a quadratic form QdR, s - In fact, there exists a global quadratic 
form QdR,Q on VdR with values in &sh K (Gq,x) that is parallel for the Gauss-Manin connection 
and that specializes to the quadratic form on VdR. s at each point s. 

Proposition 3.16. Suppose that (L,Q) is perfect. Then: 

(1) 7TdR.Q extends to a section ~KdR o/if^ 2,2 '' over S^k , ond so (VdR, F* V^r) extends to 
a filtered vector bundle (LdR, F* LdR) over S^k equipped with an integrable connection. 
The quadratic form QdR,Q extends to a quadratic form QdR on LdR. 

(2) Consider the functor VdR on S^k -schemes given by 

(C-equivariant graded &t -module isomorphisms \ 
£ : H ® Z(p) G T ^ H d R, T 
that carry nr to tt^r,. / 

Then VdR is a G-torsor over ,5^k- In particular, fppf (in fact, Stale) locally on ,S^k, 
LidR is isometric to L <g) 6y K ■ 

(3) Let GdR C GL + (i?dR) be the stabilizer of itdR within the commutant of C . Then 
GdR. = GSpin(idR, QdR) is the inner twist of G by the torsor VdR- 

(4) The Hodge filtration F'HdR is GdR-split (cf. [Ki slOl 1.1. 2]). More precisely, the filtra- 
tion F'LdR is a three-step filtration 

= F 2 LdR C F L^r C F°LdR = (F 1 LdR.) 1 ~ C F 1 LdR = LdR, 

with F^-LdR C LdR an isotropic line, and we have: 

F'HdR = ker^idR) = im^ 1 !^). 

In (HJ), we are viewing LdR as a space of endomorphisms for HdR, and by ker(F 1 idR) we 
mean the sub-space of F'HdR, that is locally annihilated by any generating section of F 1 idR- 
Similarly im(_F 1 XdR) is locally the image of any generating section. 

Before we can prove the proposition, we will need some finer information about the local 
structure of S^k, which we will discuss below. The proof is provided right after (|3.21[) . 

3.17. We assume now that (L,Q) is perfect. For any IF p -scheme S, let (S/Z p ) cl .[ s be the big 
crystalline site for S over Spec Z p (cf. [BM90, p. 178]), and let 0"g ls be the structure sheaf 
of (S'/Zp) cris . Recall that an object in (S , /Z p ) cris is a triple (U, T, 7), where U is an S'-scheme, 
U T is a nilpotent thickening of Z p -schemes with ideal of definition iJ(u^-t)j an d 7 is a 
divided power structure on Jm^T) that is compatible with the natural divided power structure 
on the ideal p&t- For any sheaf G over (SyZ p ) cr j s , and any object (U, T, 7) in (S l /Z p ) cr i s , we 
denote by Gt the restriction of G to the fppf site over T. 
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Let Af s be the fiber of A KS over S^Kf ■ Let Hcris be the first crystalline cohomology of 
>lp S over J?k,¥ p - This is a crystal of locally free &y* r -modules over (^K,¥ p /^p)ciis- We have 
a natural identification 

H dR Z p = Urn H cris ^ z/p „ 

n 

of coherent sheaves over S^k,z p - In fact, for any J^-scheme T in which p is nilpotent, we have 
a canonical identification of coherent sheaves 

-HdR.T = ^cris.T- 

Hcris has more structure: it is an F-crystal. More precisely, let Fr be the absolute Frobenius 
endomorphism on S?k,f p - Then Fr* H cr i S is identified with the relative crystalline cohomology 
of the Frobenius pull-back Fr* A^ s , and the relative Frobenius map A^ s — > Fr* A^ s induces a 
map of crystals 

F ■ Fr* H > H 

If T is any J^k,f p -scheme, we get an induced map of coherent sheaves 

F : Fr* H<jr,t — > Hh^t- 
The kernel of this map is precisely the Hodge filtration Fr* F 1 JfdR,T C Fr* H^k.t- 

3.18. Let s G c5^R-(fc) be a point valued in a perfect field k of characteristic p, let U Xo be the 
completion of S?k at s. Following [KislO , we will now give an explicit description for U s , as 
well as for the filtered F-crystal i? cris q over U s . 

Let & = W(k); then we the restriction H CY - m (resp. H®;*' 1 ^) to (Spec k(s)/Z p ) cl - is cor- 
responds to the ^-module H^ is (Af s /ff) (resp. End(i/ c 1 ris (^4P/^'))). If a is the canonical 
Frobenius lift on 0, F induces a map 

F s . o~ H cv \ s s y H cr ' ls s , 



giving Hcris s the structure of an i^-crystal over G. Conjugation by F s induces an F-isocrystal 

(i,i) 

, let E/Eq be a finite totally ramified extension, 



structure on H cr is,s 



Set En = 



P 

and let E/E be an algebraic closure of E 



Proposition 3.19. Suppose that s : &e — > is a lift of s, and let s-g- € 5^k{E) be the 
attached generic geometric point. 

(1) The crystalline comparison isomorphism 

H Vt &— <8>Z p -Bcris — > Hcris, s ®0 B crls 

respects grading, is C-equivariant and carries 7r p> y_ <S5 1 to 7r cr is,s <8 1, where 7r cr i 8)S € 
H®^'^ is an F -invariant tensor that does not depend on the choice of lift J. 

(2) There exists a C-equivariant isomorphism of Z/ 2Z- graded ff -modules 

h ® Z(p) e A H criSiS 

carrying tv to 7r cr ; S)S . 

(3) Set 

T r- TT-^i 1 - 1 ) 

-t^cris.s — mi 7r cris,s t_ -"cris.s • 

Then i C ris,s is a perfect quadratic space over & that is isometric to L ® . 
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(4) We have LdR.s = £cris,s®&j o,nd the Hodge filtration F 1 H^r.s C -HdR.s is GSpin(-L<iR,s)- 
split. More precisely, there exists a canonical isotropic line F 1 LdK,s C L^k,s such that 

F l HdK,a = ker( J F ll i dR , s ) = \ui{F l L dKtS ). 

Proof. All this follows from results in |KislO| . The main input is (|1.6[) , which shows that 
GSpin(L) is the point-wise stabilizer in G\j^,(H) of 7r. The comparison isomorphism is functo- 
rial; so it is C-equivariant and preserves Z/2Z-gradings. The fact that 7r cr i SiS belongs to Hf^'P 
(and not just H®^'P ^ ) follows from |KislO| 1.3. 6(1), 1.4. 3(1)]. That 7r CT i S , s is determined 
independently of the lift s" is shown during the course of the proof of }KislO| 2.3.5] using a 
parallel transport argument. 

Now, [KisfDJ 1.4.3(3)] shows that there exists a C-equivariant graded isomorphism 

Hp.s— ®% v & — y -£f cr is, s 

carrying TZ Pt s— to 7r cris s . So to show © we only have to observe that there exists a C-equivariant 
graded isomorphism 

carrying tv to tt p ,s—', cf. f|3.14|) . 

© is immediate from @, and the first assertion of (HJ) follows from [KislO, 1.4.3(4)]. The 
second assertion of (HI follows from the discussion in (|1.13[) . □ 

3.20. We can now describe the explicit models for U s and H cTig q ■ Choose any co-character 
Mo : G m (g)fc — > GSpin(idR,s) splitting the Hodge filtration, and let fi : G m ®^ — > GSpin(i cris ^ s ) 
be any lift of /j,q. It determines a lift F 1 i? cr i s , s C H CT is,s of the Hodge filtration as well as a 
splitting 

-^cris.s F H cr [ s s (B F H cr [ s s . 

Since \x factors through GSpin(L cr ; s s ), it induces a splitting 

Lcris,s = F L cr is,s ® -^cris s ® ^ ^cris,s, 

where F L C ris,s C £ C ris,s is an isotropic line lifting .F^VdR^. We again have: 

i^iJcris.s = ker(i ;ll i cris ^) = in^F 1 

As usual, we are viewing £ C ris,s as a space of endomorphisms of H cr i StS . 

Let U C GL(i? cr is, s ) be the opposite unipotent attached to this splitting: Namely, it is the 
unipotent radical of the parabolic sub-group attached to the nitration F H CI - W!S . Its intersection 
{Jo with GSpin(L cr i SiS ) is again the unipotent radical of a parabolic sub-group of GSpin(i cr i SjS ). 

Let U (resp. Uq) be the completion of U (resp. Uq) along the identity section. Let R (resp. 
Rc) be the ring of formal functions on U (resp. Uq)', then we have a surjection R -» i?<3 of 
formally smooth ^-algebras. 

Set i?R = H CI i SiS ®ff R' and Hr g = ff cr i s ,s ®^ i?Gj and equip both with the constant 
nitrations arising from the filtration F H C ris,s- Choose compatible isomorphisms 

R^ 0[\t u ...,t r \}; R G A 0[\t u ...,t d \] 

such that the identity sections are identified with the maps ti H> 0. Equip both R and Rq with 
Frobenius lifts ip : ti i— > t?. Equip Hr with an F-crystal structure over R via: 

F : = a*H cris . s ® ff R F '® 1 ) H CTis<s ® e R = A JTr, 

where <? 6 C^(-R) is the tautological element. This equips Hr g with the induced F-crystal 
structure under the map R — > Rq- 



REGULAR INTEGRAL MODELS 



19 



Let U' be the universal deformation space for the abelian variety A^ s ; then U s is naturally 
identified with a closed formal sub-scheme of U'. The relative first crystalline cohomology of 
the universal formal abelian scheme over U' gives rise to a filtered ^-crystal H 1 over U'. The 
following is a more precise version of (|3.8|) : 

Theorem 3.21. There exists a unique isomorphism of U with U' as formal 6 '-schemes under 
which the filtered F -crystal Hr is identified with H' . This induces an isomorphism between 
Ug and U s . 

Proof. The first assertion is due to Faltings; cf. Fal99, §7]. The second is shown during the 
course of the proof of [KislO[ 2.3.5]. □ 

Proof of U3.16}) . All the assertions here are local on S^k, an d so we can work with the formal 
completion U s at a point s € <5*#-(Fp). By (|3.21[) above, we can identify U s with U s and H dR q 
with Hr g . The extension of 7T(Jr,q over U s is now given by the constant section 7r cr j s ,s ® 1 
of thus showing ([1}. The remaining assertions are clear from the construction of 

H Rg .° " □ 

3.22. Since S^k,^ is smooth over Z p , H cv - m is in fact determined by H^r <8> Z p equipped with 
its Gauss-Manin connection. In particular, 7TdR gives rise to a global section 

T^cris cris 3 "^^cris / ' 

Again, we can view this as an idempotent endomorphism of the crystal Jf'®; s 1 ' 1 \ and we denote 
by L CI i s the image of 7r cr j s in iT®-^ . If s — > ^k,f„ is a point valued in a perfect field k(s), 
then the restriction of L cr i s to (Spec fc(s)/Z p ) cr i s corresponds to the quadratic space £ C ris,s 
seen above, and the restriction of ir cr i s corresponds to the tensor 7r cr i SjS . 

Let G = W(k(s)), and suppose that we have a lift s G ,5^k{&) of s. Then there is a natural 
isomorphism 

This equips H CI i S s with a filtration F H CT i s s that is strongly divisible. That is, we have: 



Fs cr *(P F Hcris,s + -Hcris.s) I — i?cris, 



If we now endow Z cr j s s with its induced filtration and L CT i s , 



with the conjugation action 



[P. 

of F s , then we again obtain a strongly divisible module, in the sense that the following identity 
holds: 

(3.22.1) F s (V (p-^ZcriB,. + F°L C1 , S . S + P L C1 , 

Indeed, this follows from two facts: Hf^'P is strongly divisible |Laf80[ 4.2]; and Z c ris,s C 
Hfrls'P 1S tne i ma g e 01 an i^-equivariant, filtration preserving projector 7r cr i s , s - 

In fact, this gives us more. If Rg = s is as in (|3.20p . then -LdR,i?. G = i m7r di?| is 

dR,R G 

also strongly divisible: 

(3.22.2) F[aH V - x F x L^ RG + F°L clia ,s +pL cris )] = L dR .R G . 



This follows from the explicit description of F in terms of F„ and the tautological element of 
Ug(Rg)- Note of course that F is only defined on ZdR,fl G 
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3.23. Over S?k we now have two tautological line bundles: First, we have the Hodge or 
canonical bundle oj ks attached to the top exterior power of the sheaf of differentials &a ks /s' k - 
Second, we have the line bundle F 1 Ldn- These are closely related, as the next result shows. 

We will need a little preparation. Fix an isotropic line F 1 L C L, and let P C G be the 
parabolic sub-group stabilizing it. Let F 1 !! = ker(F 1 L) C H be the corresponding isotropic 
sub-space of H. The G-torsor VdK introduced in (|3.16p ([2|) has a natural reduction of structure 
group to P. Indeed, we can take PdR.p to be the sub-functor of PdR such that, for and S^r- 
scheme T, we have: 

7W(T) = {£ G V dR (T) : <g> ff T ) = F l H dK ^}- 

The proof of loc. cit. shows that this is indeed a P-torsor. Given such a torsor, one immediately 
gets a functor from Z( p ) -representations of the group scheme P to vector bundles over J?#. 
More precisely, given a Z( p ) -representation U of P, we can view it as a trivial vector bundle 
over SpecZ( p ) with a P-action, and then take the corresponding ^if-vector bundle to be the 
quotient (PdR.T x Sp0 cZ (p) U)/P, where P acts diagonally. 

Proposition 3.24. There exists a canonical isomorphism of line bundles: 



KS,®2 



((F^dRX-l)) 



.2 



Here, the (—1) denotes the twist by the (trivial) line bundle attached to the spinor character 
v : P — > G m . In particular, F 1 L d n is a relatively ample line bundle for S^k over 

Proof. This follows from an argument of Maulik |Maul2[ §5]. The main point is that both 
bundles involved are canonical extensions over the integral canonical model of automorphic line 
bundles. 

uj ks is the line bundle attached via PdR,p to the P-representation det(P 1 P), and F x Lds,(—l) 
is the line bundle attached to the representation P 1 L(^). 

The left multiplication map L ® H — > H induces an isomorphism of P-representations 

gr^; 1 L <8> F 1 H ^ gi° F H. 

Therefore, we have a canonical isomorphism of P-representations 

det(P) A dct(P 1 P) (g) det(gr£ H) A dct(P 1 P)® 2 ® (gr^ 1 £)® 2 " +1 . 

Since (gr^ 1 L) V F 1 L, this gives us a canonical isomorphism of P-representations 

det(P 1 P)® 2 ^ (F 1 ^ 2 "^ ® det(P). 

On the other hand, the symplectic form tps on H induces a canonical isomorphism of P- 
representations 

gr^ H ^ {F l H) V (v), 

This shows that we have: 

det(P) ^> Z (p) (> 2 " +1 ), 

completing the proof of the claimed isomorphism. 

The last statement of the lemma follows, since it is known that the bundle uj KS is relatively 
ample; cf. for example |Lan081 7.2.4.1(2)]. □ 



4. Special endomorphisms: generic fiber 



All the notation is as in § |3l 
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4.1. Let T be an Shx (Gq>, A)c-scheme; then functoriality of cohomology gives us a natural 
map 

End(A^ s ) (p) ^H°(T^,H^). 

Definition 4.2. An endomorphism / 6 End(v4^ s )( p ) is special if it gives rise to a section of 

Lb C H^ 1 ' 1 ^ under the above map. It follows from the definition that / is special if and only 
if its fiber f s at every point s — > T is special. In fact, it is enough to require this for one point 
s in each connected component of T an . 

Let T be any S1ix(Gq, A)-scheme; then, for any prime I, we have a natural map 

End^^i^fff 1 - 1 )). 

Definition 4.3. Fix a prime £ ^ p. An endomorphism / e End(-A^ s )( p ) is ^-special if it gives 
rise to a section of Vg C Hg 1 ' 1 ' under the above map. We say that / is p-special if it gives 
rise to a section of L p C Hp 1 ' 1 '. 

For any prime t, we denote the space of ^"-special endomorphisms by Li(A^, s ). 

One immediately sees that / is ^-special if and only if, in every connected component of T, 
there exists a point s such that the fiber /„ at s is ^-special. In particular, £-specialness is a 
condition that can be checked at geometric points. 

Lemma 4.4. Suppose that T is an Shx (Gq, X) -scheme and that f € End(yly S )( p ) . Then the 
following are equivalent: 

(1) f is £- special for all primes £. 

(2) f is I- special for some prime I. 

(3) The restriction of f over T ®qC is special. 

Proof. Let s — > T be any C-valued point. Then it is clear from the definitions that f s is special if 
and only if it is ^-special for some (hence any) prime I. Using this, the lemma easily follows. □ 

Definition 4.5. Let T and / be as above. Then we say that / is special if it satisfies any of 
the equivalent conditions of (|4.4[) . We denote the space of special endomorphisms of A^ s by 

L(A$ S ). Also set V(A$ S ) = L(A^ S ) " 
We have: 

Proposition 4.6. If s e Sh K (G Q , X)(C), then 

L(Af s )=L BtS n(L BtS ®C)<- > \ 
In particular, for any Sh/f (Gq, X) -scheme T, rkz (p) L(A^ S ) < n. 

□ 

4.7. Suppose that (L, Q) is another Z( p ) -quadratic space of signature (n + d, 2) equipped with 
an embedding 

(L,Q)^(L,Q), 

so that L is a direct summand of L. Let A = L C L; by assumption, it is positive definite over 
R. Consider the Shimura datum (Gq,X), where G is the smooth Z( p )-group scheme attached 
to L: We have an embedding 

(Gq,X) ^ (Gq,A). 

Set K p = G(Z P ), and let K p C G(A?) be a compact open with K p C K p . We then get a map 

Sh K (G Q ,X) -> Sh^(G Q ,A) 



22 



KEERTHI MADAPUSI PERA 



of Shimura varieties over Q. Here, as usual, K = K p K p . For simplicity, we will write Shx for 
the first Shimura variety and Sh » for the second. We will also assume that K p is small enough, 
so that Shg. is smooth, quasi-projective, and so that we have the Kuga-Satake abelian scheme 
Aq 3 over it. 

Since C is a projective module over C (|1.2p , the Serre tensor construction shows that the sheaf 
Hom c fC, An S ) of C-equivariant maps from C + to A KS (here, C acts on C via left translation) 
is represented by an abelian scheme over Sh^-. 

Lemma 4.8. Hom c (C, An ) has a natural Z/2Z- grading, as well as a C action compatible 
with the grading. Moreover, there exists a canonical C-equivariant isomorphism o/Z/2Z- graded 
abelian schemes over Sh^-; 

i:A™ K ^Eom c (C,A* s ). 

Proof. The Z/2Z-grading is simply the diagonal grading, and the action of C is via pre- 
composition by right multiplication. 

The proof is now quite standard, and essentially comes down to the existence of a C- 
equivariant map of Z/2Z-gradcd G-representations: 

(4.8.1) H® C C^H 

(4.8.2) w ® z w ■ z. 

Over Sh™ c , consider the variation of Hodge structures attached to the tuple 

(H B ® c C, ® c C, F'H*l c ® c C) . 

This is in fact the variation of Hodge structures attached to the abelian scheme Hom c {C, A^ k ) 
over Sh^c 

The map (|4.8.1j) gives rise to an isomorphism of variations of Hodge structures: 

(H B ®C C, i?dR,C ®C C,F'H^ >C ®c C) (^B,Sh^ c j-H'dR,ShK ( c'- F "- ff dR,Sh K , c ); 

and hence to an isomorphism of abelian schemes 

i:A^ KC ^Bsmc{C,A^ KC ). 

Consider the pro- variety: 

Sh A -p = hm Sh HpKP (G,X). 

H P CK P 

This is a pro-Galois cover of Sh A with Galois group K p . For any connected component S C Shx, 
a geometric point s — > S and a lift s — > Sh Ap , we obtain a map j : ni(S,s) — ¥ K p , and the 
restriction of H v ®cC ~> H p ^\i Kp to S is the p-adic sheaf attached to the -^^-representation H, 
which we can view as a tti(S, s)-representation via j. Moreover, the map of p-adic cohomology 
groups induced by i is attached to the fC p -equivariant map (|4.8.ip . and is therefore also dehncd 
over S. From this, we conclude that i itself must be defined over Shj^. □ 

Proposition 4.9. There is an isometric embedding 

A^L(A™ K ) 

such that there exist natural isometries: 

(1) Lb — > A 1 - C LB,Sb.n? of local systems over Shj" c . 

(2) L p —> A 1 - C L p ofLp-local systems over ShR-. 

(3) V&p ^> A 1 - C V&p gh K of MR -local systems over Sh A . 

(4) ^dR ~^ A. C VdR.sh^ of filtered vector bundles with flat connection over Sh^- 
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Moreover, for any Sh^-scheme T, there exists a natural isometry of quadratic spaces: 

L(A* S ) AA x c L(A* s ). 

Proof. A acts on Ag^ K ^> Hom c (C, A^ s ) as follows. We first consider the abelian scheme 
Hom fC, Ag S ): This has a C-action by left translations and contains A^P as a C-equivariant 
abelian sub-scheme by (|4.8[) . A acts on this abelian scheme C-equivariantly via right transla- 
tions. Unfortunately, since A does not quite commute with C within C, this naive action does 
not preserve the sub-scheme A^ . So we have to 'twist' the action of A a little. 
The grading A Sh ^ x A Sh ^ allows us to decompose every section 

feAji K cHgm(C,4 s ) 

as / = / + + /~~, where /+ preserves gradings and /~ shifts them. For v € L and z <E C we 
have f(zv) — f(z)v, which means that f T (zv) = f ± (z)v. Now, given A e A, we set 

(A • f) + (z) = r (zA); (A • /)-(*) = -f + (z\). 

With this definition, we find, for v G L, 

(A • f)(zv) = r(zv\) - f+(zv\) = f+(z\v) - f-(zXv) = (f-(zX) - f + (zX))v = (A • f)(z)v. 

Here, we have used the identity vX + Xv = [v, X]q = 0. 

That this should be so is clear from the following: Consider the natural isomorphism of 
Z/2Z-graded C-modules 

a: H ® C C ^ H, 
Given A G A, h g H and z g C, one checks: 

[a(h® Xz), if h G H+; 
Xhz = < 

ya{-h ® Xz), if h € H~. 

Now, the action of A gives us a Betti realization A — > J?®^ 1 ' 1 ^. One checks easily that this 
is induced by a map of G-representations 

A^Zcff® (M) , 

where G acts trivially on A, and L C H®^ 1 ' 1 ) = End(if) is the inclusion induced from the 
action of L on H via left translation. 

The enumerated statements about the various realizations of L are now immediate. 

Finally, given an Sh/f-scheme T, we obtain an embedding of Z( p )-algebras: 

End c (^ s ) (p) ^End 5 (iJp) (p) . 

This is defined as follows: Given an endomorphism / of A^ s , we obtain an endomorphism of 
AjP carrying a map ip : C — > A^ s to the map / o <p. We have to show that this map induces 
an isomorphism 

L(A* S ) ^A ± c L(I£ S ). 
But this can be checked on the level of cohomological realizations, where it is obvious. □ 
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5. p-SPECIAL ENDOMORPHISMS 

We now assume that (L, Q) is perfect, and turn to the investigation of specialness over the 
model S?k- For any J^-scheme T and any I ^ p, the definition of an ^-special endomorphism 
carries over directly from (|4.3[) . We will now develop a version of p-specialness that works in 
general. 

Definition 5.1. Suppose that s — > ^k,¥ p is a point valued in a perfect field k(s). Then we 
obtain a map 

An endomorphism / G End(A^ s )( p ) is p-special if it gives rise to an element of £ C ris,s under 
the above map. 

Lemma 5.2. Let T be a S^k- scheme in which p is locally nilpotent, and suppose that we have 
f S End(Ay S )( p ). Then the following are equivalent: 

(1) For every point s — > T valued in a perfect field, the fiber f s £ End(Af s )^ is p-special. 

(2) In every connected component ofT, there exists a point s valued in a perfect field such 
that the fiber f s is p-special. 

Proof. This is an immediate consequence of the definition, the fact that the endomorphism 
scheme End (A KS )( p \ of ^4 KS is locally Noetherian, and (|5.3[) below, applied to the crystal 
H^ 1A) /L ais . □ 

ens /-"Cos* 

Lemma 5.3. Suppose that T is a connected, locally Noetherian ¥ p -scheme, and that F is a 
crystal of vector bundles over T equipped with a global section e £ r((T/Z p ) cr j s , F^j . Suppose 
that, for some point x — > T, the induced global section 

e x £ r((Spec/c(x)/Z p ) cris ,F| 2; ) 

vanishes. Then, for every point y — > T , the induced global section 

e y € r((Specfe(y)/Z p ) cris ,F|j / ) 

also vanishes. 

Proof. Since T is connected, locally Noetherian, the lemma will follow if we can prove the 
following claim. 

Claim. Suppose that x and y are points of T such that X is a specialization of y, and such 
that the prime ideal corresponding to y has height 1 in 6t.x\ then e x vanishes if and only if e y 
vanishes. 

Let x p be the point attached to a perfect closure of k(x). By [BM901 1.3.5], e x vanishes if 
and only if expert- vanishes. So we can assume that k — k{x) is perfect. 

Let p y C &t,x be the prime ideal corresponding to y, and let R be the normalization of 
&T,x/py By our hypotheses, R is an equicharacteristic complete DVR with residue field k, 
and so is isomorphic to k[\t\]. By pulling F back to Spec/c[|t|], we are further reduced to the 
situation where T = Spec k[\t\], x — Specfc and y = Spec/c((t)). A crystal over T is now 
given by a finite free T4 A (/c)[|t|]-module M equipped with a flat, topologically quasi-nilpotent 
connection V : M — > M <E> ^wttytttl]' ^ n °th er words, we have a derivation D : M M over 

such that a sufficiently large iteration of D carries M into pM . The global sections of F are 
equal to the module of horizontal elements M v=0 . 

The corresponding crystal over x is the one attached to the W(k)-modu\e Mq = M/tM. The 
restriction from global sections over T to global sections over x is just the reduction-mod-t map 
M v=0 — > Mq. It is easy to see that this map is injective: Indeed, suppose that we have m £ tM 
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such that D(m) = 0, and suppose that n e Z >0 is the largest integer such that m € t n M (such 
an n exists if and only if m is non-zero). Write m = t n m! ', for some m' ^ iM. We then have: 

= D(m) = D(t n m') = nt n " x w! + t n D(m'). 

Dividing by t n ~ l , this gives us nm! € iM, which implies that m' g tM, contradicting our 
assumption that m is non-zero. So we find that a global section of a crystal over T is 
precisely if it restricts to over x. 

By |BM90[ 1.3.5] again, restriction from global sections over T to global sections over y is 
injective. And so we find that a global section of a crystal over T is precisely when it restricts 
to over y. This proves the claim and the lemma. □ 

Definition 5.4. Let T be an .^--scheme and let / G End(AJp)( p ). If p&x = 0, we will say 
that / is p-special if it satisfies the equivalent conditions of (|5.2|) . In general, we will say that 
/ is p-special, if its restriction to T ® ¥ p and T <g> Q are both p-special. 
We will say that / is special if it is ^-special for every prime I. 

Given any prime £, write Lg(A^, s ) for the space off-special endomorphisms, and L(Aj. s ) for 
the space of special endomorphisms. By definition, we have: 

l(a« s )= n l ^ a t s )- 

£ prime 

Remark 5.5. It is easy to see that any special endomorphism is fixed by the Rosati involution on 
End(A!p)( p ) induced from A KS (check this for any of its £-adic realizations). So the assignment 
/ h- > / o / defines a positive definite Z( p ) -quadratic form on L(A^ S ). 

We have: 

Lemma 5.6. LetT be an S^K-scheme such that every generic point ofT®¥ p is the specialization 
of a point mT®Q. Then an endomorphism f € End(A^ s )( p ) is p-special over T <S> Q if and 
only if it is p-special over T (g) ¥ p . In particular, in this situation, if f is p-special, then it is in 
fact special. 

Proof. First assume that T = Spec £?e, for some complete discrete valuation ring & e with 
characteristic fraction field E and characteristic p perfect residue field k. Let s = Spec k, 
and let rj = SpecE, for some algebraic closure E/E. Then the result holds because the p-adic 
comparison isomorphism for A^, s carries L p ^ (g) B cr i s into -L C ris,s ® -B cr j s (cf. (l3.19[) (ITj)'). 

For general T, in every connected component of T ® F p , we can find a point s valued in 
an algebraically closed field that is the specialization of a point valued in a complete discrete 
valuation field. Now we can apply the result of the previous paragraph to s. 

The last assertion follows because ^-specialness is independent of the prime £ in characteristic 
0. □ 

5.7. Set k = k(xo), W — W(k), and let U = Spf 0se K ,x o be the completion of S^k at xq; let 
m C Gy K , Xo be its maximal ideal. Suppose that we have a non-zero p-special endomorphism 
/o € L p (^4^ o s ) C End(A^ o s )( p ), and consider the deformation functor 

Def (zo,/o) : ATt w Set 

6 H- {(x, f) : x G C/(^); / G End(^ s ) (p) lifting / }. 

Here, Artv^ is the category of local artinian W-algebras with residue field k. 



26 



KEERTHI MADAPUSI PERA 



5.8. Suppose that we have a surjection & — \ & in Artvy, whose kernel / admits nilpotent 
divided powers. Suppose also that we have (x, /) € Def ( X(J j ) giving rise to an abelian 
scheme ^4^ s over equipped with a special endomorphism /. 

Let Hff be the ^"-module obtained by evaluating H ais g poc ^ on Spec ff, and let L@ C 
End(_ff^) be the corresponding quadratic space. Denote by H-g and L-^ the induced modules 
over then 

is equipped with its Hodge filtration F x H-g. 

The endomorphism / gives rise to an endomorphism of H@, which we will denote fg: note 
that fe lies in L@. The reduction f-g £ L-g preserves the Hodge filtration F x H-g and so lies in 

By Serre-Tate (cf. |Kat81| 1.2.1]) and Grothendieck-Messing (cf. |Mes72| V.1.6]), we have a 
natural bijection 

/ Isomorphism classes of \ ~ /Direct summands F 1 He C 
yabelian schemes over lifting A^ s J \ lifting F x H-g. 

This works as follows: For any lift A x of A~ , we have an identification H\- R (A x /ff) = Hg 
that carries the Hodge filtration on (A x / 0) to the corresponding summand F x Hg C Wg. 

Proposition 5.9. The bijection above induces further bijections 

(lifts x E U{0) of x] -=> (Isotropic lines F x L ff C L e lifting F x L-g) ; 

(L ffls ,„/) e U h{e) « (,,/,) * 'rl^affoT ^) ■ 

Proof. In the first of the claimed bijections, there is a natural map in one direction: Given a 
lift x £ U(ff) and the identification -LdR.x = the Hodge filtration F 1 L ( \k,x gives us an 
isotropic line F 1 Lg lifting F 1 L-g. Further, / lifts to an endomorphism of A% if and only if 
fe preserves the Hodge filtration F 1 Hg. Since F 1 Hg is the annihilator in Hg of F 1 Lg, it is 
easy to see that fe preserves F^Hg if and only if it is orthogonal to F 1 Lg. 

So it is enough to show that the first map is a bijection. For this, we can work successively 
with the thickenings 6 y/[ r ~ 1 ] -» ^//W (where JW denotes the r th -divided power of /), and 
assume that I 2 — 0. If mg C 6 is the maximal ideal, we can even work with successively with 
the thickenings & '/m r ^ l I -» ff/rn^I, and further assume that mgl = 0. In this case, we find 
that both sides of the map in question are vector spaces over k of the same dimension, namely 
n ■ dimfe /, and that the map is a map of fc-vector spaces. Since it is clearly injective, we see 
that the map must in fact be a bijection. □ 

Corollary 5.10. Let the notation be as above. Suppose that we have a lift x € U(ff) of x 
corresponding to an isotropic line F 1 Lg C Lg. Let J C 6 be the smallest ideal such that 
f lifts to an endomorphism of A^ s <g><^ (&/J). Then J is principal, and is generated by the 
element [fe,w], for any basis element w of F 1 Lg. 

□ 

Set R = Gy K , Xa \ let If C R be the ideal defining Uf C U, and set i?/ = R/If , so that 
Uf = Spf Rf . The following result is essentially a retread of [Dcl8U Prop. 1.5]. 

Proposition 5.11. Dcf^ y ) is pro-represented by a formal closed sub-scheme Uf C U defined 
by a single equation aj G m. Moreover, p\ a, so that Uf is fiat over Z p . 
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Proof. Let R' = R/mIf , so that R' —t Rf is a surjection in Pro-Art^ with square-zero kernel 
I'. Note that I' admits trivial nilpotent divided powers. Let / be the universal lifting of fo 
over Uf . Then, by (|5.10j) . /' = J/ /mi/ is a principal ideal in R' . Nakayama's lemma now 
says that J/ is itself principal, generated by an element a/ em. 

For the second statement, we use the argument from the proof of |Del811 1.6]. As in loc. 
tit., we reduce immediately to the following assertion: fo does not propagate to a special 
cndomorphism of -A^p ■ Suppose that such a propagation did exist; then we can consider its 
crystalline realization f R G LdR, R . Choose k G Z>o minimal with respect to the condition that 
P~ k fu belongs to L dR . R . Now, F(f R ) = f R , which implies that F(p~ k f R ) = p~ k f R . By strong 
divisibility (|3.22.ip . p~ k f R lies in i ;i0 XdR,_R +pidR,fl- In particular, the image f R of p~ k f R in 
-^dR,ii®Fp is a horizontal element that lies in F°L d R R ®F p . But (|5.9|) shows that the connection 
on idR,i?(giFp induces an i?-linear Kodaira-Spencer isomorphism 

This shows that must actually lie in F 1 L dRR ^f p . But once again the connection on 
LdR,R<g>r p sets up an i?-linear embedding (dual in a certain sense to the previous isomorphism): 

F LdR,n®w p ^ g?F LdR,m¥ p <8 Q R ®w p /k- 

This shows that f R = 0, which is a contradiction. □ 

Corollary 5.12. For every S^x-scheme T and every prime £, we have: 

L P (A* S ) L e (A™). 

In particular, L(A^ S ) = L p (A^ s ). 

Proof. It follows from the definitions that it suffices to prove the corollary when T is a point 
x ■ Specfc —> y K , with k a perfect field of characteristic p. If f £ L p (A^), then by (|5.11[) . 
Uf a is flat. This implies that there exists a finite extension L/Wq, and a lift x : Spec &l — > 
of Xo such that fo lifts to a special endomorphism / of A^ s . Now the argument in (|5.6p shows 
that fo is f-special for every £. □ 

Remark 5.13. From now on, we can and will refer to p-special endomorphisms simply as special 
cndomorphisms . 

Remark 5.14. One can deduce from results of Kisin towards the Langlands-Rapoport conjecture 
that we in fact have L(A^ S ) — L e (A^ s ) for any prime £; cf. 

5.15. Let A C L(A^) be a Z( p )-sub-module. We can consider the deformation functor 
Def( 3 . a), defined as follows: Fix a basis {/i.o, ■ ■ • , fr.o} f° r A; then, for any B G Art^, we have 

Def (xD)A) (f?) = {(x, {fi : 1 < i < r}) : s G C/(B); /, G End(4f ) (p) lifting / ij0 }. 

Clearly, this functor does not depend on the choice of basis for A. From (|5.1ip , we see that 
Def ( 2 . a) is pro-represented by a formal closed sub-scheme J7 A C U defined by r equations 
Oi, . . . , a r , where, for each i, a$ is the equation for the deformation space for the special endo- 
morphism ft. 

Proposition 5.16. Suppose that the quadratic form restricted to A 1 - C L cr i StXa is not divisible 
by p. Then the formal closed sub-scheme J7a has at least one irreducible component that is fiat 
over W. 

Proof. We can assume that k is separably closed. Let Gl — W\^fp\: we claim that we can find 
an isotropic line F 1 (A ®w lifting F 1 LdR, Xo - Granting this, the proof of the proposition 
is now simple: Since the kernel of the map Gi, k has divided powers, we can identify 
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icris,xo ®W @L with L cr - ls .g L . If p > 3, then the divided powers are topologically nilpotent and 
we can use the line F 1 (A ± <g> Gl) and (|5.9|) to produce a lift x € U\{&l). Even if p = 3, we 
can first lift from fc to 0l/{p), and then to ^l- This shows that Uk{&l) is non-empty, and so 
?7a has at least one flat component. 

It remains to prove the claim, which is a simple exercise. In appropriate co-ordinates, the 
quadratic form on A 1 - can be written as 

X\ + X 2 + ■ ■ ■ + X 2 r + aiY? + ■■■ + a d Y^, 

for cti € pW and r > 1. There are two possibilities: First, the isotropic line F 1 idR,x can ne m 
the plane given by the equations Xj — 0, for j = 1, . . . , r. Suppose its homogeneous co-ordinates 
are [0 : : • • • : : b\ : • • • : b^]', then we can choose arbitrary lifts hi € W of the co-ordinates 6^, 
and take our lift over &l to be the one with co-ordinates [x : : • • • : : b\ : • • • : bd] , where 

x 2 = -J2aibl 

i 

The other possibility is that one of the co-ordinates Xi does not vanish at F 1 idR,a;o- ^ n this 
case, i^ZdR^o lies in the smooth locus of the quadric of isotropic lines in A , and so can be 
even lifted over W. □ 

6. Regular integral models 

We will revert to the notation from (|4.7[) . We will assume in addition that (L, Q) is a perfect 
quadratic space. The next result shows that such a space always exists. 

Lemma 6.1. There exists a perfect quadratic lattice (L,Q) overZ^, and an embedding 

(L, Q) ^ (L,Q) 

of quadratic lattices carrying L onto a direct summand of L such that A = L is positive 
definite. 

Proof. For any a € %( P ), let (a) be the rank 1-quadratic Z( p )-module Z( p j equipped with the 
quadratic form with value a on 1. 

Let v € L be such that oid p (Q(v )) is minimal. Then one easily checks that ord p ([wi, W2\q) > 
ord p (Q(w)), for all w\,W2 £ L. In particular, for any w € L, the projection w — v onto 

(v) Ci is well-defined, and we obtain an orthogonal decomposition 

Applying this iteratively, we find that (L, Q) can be diagonalized, so that it is isometric to a 
lattice of the form 

©r=i(«i)0®'=i(-^), 

where ai and bj positive integers for varying i and j. 

The proof is now quite simple, once we admit the classical fact (due to Lagrange) that every 
positive integer can be expressed as a sum of four squares. This implies that every positive 
integer can be expressed primitively as the sum of five squares. Indeed, given such an integer 
n, express n — 1 as the sum of four squares, and n as the sum of those squares and 1. Thus 
we see that (a) is a direct summand of E + = (l)® 5 , whenever a > 0. An easy argument then 
shows that (a) is a direct summand of E- = (l)® 5 (—1), whenever a < 0. 

We now find that L embeds isometrically as a direct summand of L — Ef n © E® 2 . □ 
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6.2. Let be the integral canonical model for Sh^ over Z( p ) (cf. 13. 7[) . Assume that K and K 

are small enough. Then, over J? 9 ^, we have the Kuga-Satake abelian scheme (^4 KS , A KS , [rj KS ] ). 
Recall that we have a map of algebras 

p:C->End(2f) (p) . 

Here, C is the Clifford algebra of V. 

Just as in Section [31 we have the cohomology sheaf H a p over y R . Let tc € H® {2 ^ be the 
idempotent projector with imag c V C H^ 1 * 1 )). Then we get the corresponding global section 

As in p.llj) . we can define etale sheaves 

1% cI p {A KS ,X KS ). 

G 

Here, J~ is the etale sheaf of polarization preserving graded isomorphisms 

G 

Tj : H ® A p H a p 



that are C-equivariant and carry 7r to ^A p f - Recall from (|3.12p that [?7 KS ] is the image of a 
K p -leve\ structure [rj~ s ], a section of I~/K p . 

6.3. Fix a Z( p )-basis v = {v\, . . . , Vd} for A. For any ,5^-scheme T, a u-structure for T is a 
collection of special endomorphisms / = {/i, . . . , fd} C V(A^ S ) such that [f, fj] — [vi,Vj]g, for 
all pairs i,j. Given an ^-structure / on T, we let I p C Iq\t be the sub-sheaf of isomorphisms 
rj that carry Uj to f, for i = 1, . . . , d. Then I p is naturally a torsor under the locally constant 
sheaf of groups G_ a p . A K p -level structure on (T, f ) is a section [r/ p ] of I p /K p over T mapping 
to [77-] under the obvious map 

jp/kp _> {iyk p ) T . 

Consider the functor on ^S^-schemes: 

T ^ {(/, I 7 ?/]) : / a w-structure for T; [77*!] a iTMevel structure for (T,f)\ . 

Proposition 6.4. The above functor is represented by a finite and unramified Sfj^-scheme 
Z KP (A). 

Proof. This is standard. The only thing to note is that the locus where an endomorphism of 
^4 is special is open and closed. □ 



Proposition 6.5. 

(1) Shif is equipped with a canonical v- structure f = {ft, . . . , fd} C L(Ag^) and a canon- 
ical K p -level structure [r]f s }- 

(2) The induced map Shff — > Zkp(A-) identifies Shx with a union of connected components 
of Z KP (A)q. 



Proof. (|4.9p gives us a canonical copy A C V(A^ k ), and the chosen basis v for A gives us a 
canonical w-structure / over Sh^. 

Let f AP be the etale realization of the u-structure /. By construction, we have an orthogonal 

decomposition of A^-sheaves over Sh.K- 

V k P = 



AJ - ^ -L (/ A? >- 
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We also have a C-equivariant isomorphism of Z/2Z-graded A^-sheaves over Sh^-: 

(6.5.1) H A p ® c C A H A p 

(6.5.2) u»®w"->/»,a»(«')- 

From this, we find that giving a K p -leve\ structure [rj^ s ] is equivalent to giving the K p -leve\ 
structure [t]q S } as in (|3.13l) . 

We now move on to the second assertion. More generally, let (v ', g) £ L x G(A^) be a pair 
such that g(v) = v' . Attached to such a pair is the smooth sub-group G' C G that stabilizes 
vf, and the associated Shimura variety Shx 1 (Gq, X'), where K' = gKg^ 1 n G'(A P j). Just as 
above, one sees that there exists a natural map 

Sh K >(G' Q ,X')^ Z KP (A), 

whose image depends only on the class of (v',g) in the space 

G(Z {p) )\L d x G(A p f )/K p . 

One can now easily check (by base-changing to C, for example) that Zkp(A)q is the union of 
the images of the varieties Sh.K>(Gq, X') for varying pairs (v',g), and that each of these images 
is an open and closed sub- variety. □ 

6.6. Over Zkv (A), we have the tautological w-structure /. For i = 1, . . . , d, let /^dR be the de 
Rham realization of the special endomorphism fi. It is a global section of ZdR over Zr-p(A). 
Let AdR C idR,z K - P (A) be the coherent sub-sheaf generated by the /i,dR: it is a trivial vector 
bundle over Zk p (A) of rank d. 

Lemma 6.7. 

(1) There exists an open sub-scheme Z^ p (A) C Z^p (A) such that T — > Z^p (A) factors 
through Z^ P (A) if and only if the pull-back o/idR.z KP (A)/-^-dR to T is a vector bundle 
of rank n. We have: 

Zkp{A)q — Z K p(A)q. 

(2) Let k be a perfect field of characteristic p and let W = W{k), and suppose that we have 
J : Spec W —> Zkp (A) such that the restriction to Spec Wq factors through Shx . Then 
J factors through Z^p (A) . 

(3) Suppose that T is smooth over Z( p ) and that f : T — > Zkp(A) is such that /|y Q factors 
through Shjf. Then f factors through Z KP (A). 

(4) If L is maximal, then Z^ P (A) — Zkp {A). 

Proof. We begin with ([T]): The inclusion AdR, C £dR induces a map 

^z k p(A) — > A d AdR -> A d LdR, 

and hence a section e £ H°(Zkp (A), A d LdR)- One easily checks now that Z^ P (A) is the locus 
where this section does not vanish. 

Next, we consider ([2|). Choose an algebraic closure E/W(k)q. By (|6.9j) below, it suffices to 
show that the etale realization A p 3_ C Lp,s-g is a direct summand. But, A p is globally a direct 
summand of L Pt s—, since its inclusion in the latter is induced by the map of iip-representations 
AhI 

([3]) now follows: Indeed, ([]} and (|2|) show that U := / _1 (Z^5(A)) is an open sub-scheme of 
T containing Tq, and through which all the M / (F p )-valued points of T factor. Since T is smooth 
over Z( p ), this implies that all the F p -points of T factor through U, and so U must be all of T. 
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Now assume that L is maximal. Choose any point s — > Zkp(A) valued in a finite field. We 
will show that the fibers {/i.dR.s} of the de Rham realizations generate a vector sub-space of 
LdR, s of rank d. To do this, we will consider the crystalline realizations fa = 
and show that they generate a direct summand. 

Using (|3.19[) (|3"j). we can identify £ C ris,s isometrically with Lg, where — W(k). The space 
A-dR,s C idR.s is by hypothesis isometric to A@. So it follows from (|2.3p (|3l) that there are two 
possibilities: Either it is a direct summand of Lff, in which case we are done. Or A^ C Lg 
is a perfect lattice. In this latter situation, one finds from the argument in (|5.16j) that there 
exists a lift s : Spec W — > Zk{A) of s. Now, we can apply the argument from ([2]), since, by the 
maximality of Az , the etale realization A p C L p has to be a direct summand summand over 
aUofZx(A) Q . v u 



Lemma 6.8. Assume k is algebraically closed, and let M be a finite free module over W such 



that M 



is equipped with a direct summand M C M and an isomorphism 
F : a*M 



1~ 








A M 




.p. 




.P. 



such that F(a* M ) C M . Then the image of the natural map 

{M°) F=1 ®z p W -> M 

is saturated in M . 

Proof. First, assume that M° — M; then F induces a map F : a* M — > M. 

It follows from the Dieudonnc-Manin classification of F-crystals over W Man62 that there 
exists a largest i^-stable direct summand M ot C M such that F induces an isomorphism 
a*M 6t ^ M 6t . Clearly, (M°) F=1 ® W maps into M 6t . So, replacing M with M 6t , we can 
assume that F is an isomorphism (M is then called a unit root crystal). In this situation, it 
is known [Kat73, 4.1.1] that the map 

(Af°) F=1 ®i v W->M 

is an isomorphism. 

Note that all we needed to apply the Dieudonne-Manin classification was for F to be injective. 
For general M, set 

M' = {m G M° : F\m) G M°, for all i G Z> }. 

We need to explain what we mean by F z (m). One defines this inductively: We set F(m) = 
F(a*m) and F l (m) = F(a*F l ~ 1 (m)), where we are using the assumption that F I_1 (m) G M° 
in each inductive step. 

Now, F restricts to a (necessarily injective) map a*M' —> M'. Moreover, M' is a direct 
summand of M, and (M°) F=1 ® W clearly maps into M'. So, replacing M by M', we are 
reduced to the situation considered above. □ 

Corollary 6.9. Suppose that k is a perfect field of characteristic p > (we allow p = 2). Let 
G be a p-divisible group over W = W{k), and let D(G) be the Dieudonne module for G over 
W . It is a filtered F -crystal. Then the image of the natural map 

End(G) ® Zp W -> End vv (D(G)) 

is saturated. In particular, if A is an abelian scheme over W then End(A\v Q ) <8> W embeds in 
End\y(Hi^A/W)) as a direct summand. 
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Proof. Since the endomorphisms of G defined over k form a direct summand of the group of 
cndomorphisms of Gk' for any finite extension fc'/fc, we can assume that k is in fact algebraically 
closed. 

Set M = End (D(G)): We have a direct summand M° C M consisting of endomorphisms 
that preserve the Hodge filtration Fil 1 D(G), and the conjugation action of the semi-linear 

Frobenius on D(G) induces an isomorphism F : a*M i -=>M i such that F(a*M°) C M, 
The last condition follows from the strong divisibility of the -F-crystal D(G) (cf. 13.221) . It is 
well-known that we have a canonical isomorphism of Z p -modules: 

End(G) A (M°) F=1 . 

So the result follows from (|6.8[) . 

For the last assertion, let G = A[p°°) be the associated p-divisible group. Since H^(A/W) 
can be canonically identified with 10(G) (W), we only have to observe that, by the Neronian 
property, End(Awo) = End(A), and that End(A) ® Z p is a direct summand of End(G), since 
any element of End(A) that acts trivially on the p-torsion A[p] has to be divisible by p. □ 

6.10. Suppose that we are given a point xo £ Z^ P (A)(k) valued in a perfect field k of charac- 
teristic p > 0. Let f Q be the attached ^-structure on xo ■ Spec k — > and let A C L(A^) 
be the sub-space spanned by /. Let ho € A 1 - C L(A^) be another special endomorphism. 
Then the intersection of the deformation space Def( a;o ^ ) with (Zkp(A))£ within {^g)x can 
be identified with Def (x0iA+ < hD )). 

Proposition 6.11. Suppose that the quadratic form restricted to (A + (ho)) 1 - C £ cr is,xo is not 
divisible by p. Then at least one irreducible component o/Def( XO) A+(h )) is flat overZ p . 

Proof. Follows from (I5.16[) . □ 

Remark 6.12. Note that (A + (ho)) 1 - C A 1 - is a rank n + 1 direct summand. If the quadratic 
form were divisible by p on this sub-space, then Ajjr would contain an isotropic sub-space of 
codimension 1. Since rad(Ap ) has the same dimension as rad(LF p ), the maximal isotropic 
sub-space of A^ has dimension 

H-2 
2 

So, if this quantity is smaller than n + 1, the hypothesis of (|6.11l) will always hold. 

6.13. Recall from p,16[) that we have a canonical G-torsor "PdR over 5?% consisting of G- 
structure preserving trivializations of HdR- Let (/, [?7^ s ]) be the tautological u-structure over 
Z(A), and let V<m,A C ^dR,^? (A) be the sub-functor such that, for any Zkp (A)-scheme T, we 
have: 

7W(T) = {£ € ^dR.(T) : £ o «i = fi, dR o £, for i = 1, . . . , d}. 

Proposition 6.14. 

(1) The restriction of VdR,A over Zj£ p (A) is a G-torsor. 

(2) The map P2 ■ 'PdR.A — ^ Mg c , given, for any TL^yscheme T , by: 

V<m, A (T) Ml? c (T) 

is smooth of relative dimension dimGQ. Here, (x,£) € "PdR,A(r) /ies over a point 
xeZ KP {A){T). 



dim rad(I/F p ). 
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Proof, fl]) is an easy consequence of l|2.2[) (|4")). @ is immediate from (|5.9[) . □ 

Remark 6.15. The proposition gives us a local model diagram in the terminology of [RZ96, 
IDP94l|Pap00| . 

Corollary 6.16. Z^(A) is lei and flat of relative dimension n over Z( p y Moreover, Z^(A)f p 
is reduced if and only if n > r. It is normal if and only if n> r + 1, and is smooth if and only 
if r = 0. In particular, if n>r, then Z^(A) is normal. 

Proof. Follows from (g77|) and ([633)1 . □ 
Corollary 6.17. Suppose that L is maximal; then Zkp{A) is a healthy regular T,^- scheme. 
Proof. This is a consequence of (|6T4|) and (|2J)) (|4)). □ 

Definition 6.18. A pro-scheme X over Z( p ) satisfies the extension property if, for any 

healthy regular Z( p )-scheme S, any map S <£> Q — > X extends to a map 5 — > X. 

Definition 6.19. A model S^g for Sh/<- p over Zm is an integral canonical model for Shff 
if it is healthy regular and has the extension property. If S^v is an integral canonical model 
for SIik p , and if K = K p K p is a compact open in G(Af), then we will call 5?k ^kp/K p the 
integral canonical model for Sh^-. 

Theorem 6.20. Suppose that L is maximal. Then the pro-Shimura variety Shx p admits an 
integral canonical model S^k over Z( p ) . 

Proof. Choose any perfect quadratic space L over Z( p ) containing L as a direct summand, and 
such that A = L 1 - C L is positive definite. This is always possible by (16. ip . Let 5?k v be the 
Zariski closure of Sh#- in 

Urn Z£,(A). 

By l|6.5[) and (I6.17[) . S^k p is healthy regular. It also satisfies the extension property: Indeed, we 
already know that 5?^ has the extension property by [KislOl 2.3.8]. So this result follows from 
the extension property for endomorphisms for abelian schemes over reg ular bases; cf. [FC90, 
1.2.7]. □ 

Remark 6.21. In particular, is uniquely determined by Shj^. It depends only on L and 
not on the choice of perfect quadratic space L containing L. 

Proposition 6.22. Choose a small enough compact open K p C G(A^), and set K = K p K p . 
The geometric special fiber ■S? K <s is an lei scheme over F p of dimension n. Let r be the 
dimension of the radical of the quadratic space L^ p ■ Then: 

(1) y is reduced if and only if n >r. 

(2) S/^ y is normal if and only if n > r + 1. 

(3) ^xy is smooth if and only if r = 0. 

Proof. Follows from the construction and (|6.16[) . □ 

6.23. We will now revert to a general lattice L, but we will assume that n > r. By (I6.16[) , 
Zk(A) is a normal scheme. Let S^^l be the Zariski closure of Sh^- in Z^{A): by (|6.5|) . it is 
an open and closed sub-scheme of the latter, and is therefore a normal scheme over Z( p ) . The 
formula: 

pr 



gives the unique extension of V&p ^ k over S^j^ 
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We can also extend (VdR, F m V<ir,) over in two different ways. We set 

LdR = A^p C LdR- 

We also have: 

-V _ -^dR 



L 



dR — T • 
AdR 

There is a symmetric, horizontal pairing QdR on £dR arising from the restriction of the pairing 
on LdR- It is of course no longer perfect, but there is instead a natural perfect pairing between 
£ d R and L^ R . 

6.24. We also have crystalline realizations X cr i s and L^ lis over y^ r ¥p - Set 

Lcris — A cr | s d L cr i s , 



L 



ens 



By construction, there is a perfect pairing of crystals between L cr - ls and L^ ris . 

Given a point s —> valued in a perfect field k(s), with 6 = W(k(s)), we obtain 0- 

modules L cr [ s s and L^ - . We have an identification of -F-isocrystals L cliB S 





= L y - 


1 


P 


cns,s 


P 



over Ei 



ii 



and a perfect pairing 

x criSjS ® x c v riSjS -> e 

that is ^-invariant over Lq. Suppose that E/Eq is a totally ramified finite extension and that 
s : G E Z%(A) is a lift of s. 

Proposition 6.25. Let E/E be an algebraic closure and let s-gr be the geometric generic fiber 
of Is. Then there are canonical comparison isomorphisms compatible with pairings: 

Lp,7 w ®Z P B crls — > I<cris,s ®ff B CI i s ; 
£p,% ®Z P B clis Ifcris.s ®0 B cris . 

Proof. This is immediate from the definition of the sheaves, p.l9p ([Tj), and the functoriality of 
the comparison isomorphism. □ 

6.26. Recall that we had the Kuga-Satake family (Aq , Aq S , [?7 KS ]) over Sh^, attached to the 
symplectic representation Hq of Gq. 

Proposition 6.27. Given any healthy regular l^y scheme T equipped with an etale map T — > 
c5^ r , the restriction of the Kuga-Satake family (Aq S , Aq S , [?7 KS ]) to T extends uniquely to a 
family (A^ s , X^ s , [i] KS ]) over T. In particular, if L is maximal then the Kuga-Satake family 
has a unique extension over the integral canonical model S^k- 

Proof. Since T is healthy regular, it is sufficient to extend (AjP,\tq) over co-dimension 1 
points. This is done using the usual Neron-Ogg-Shafarevich criterion for good reduction. In 
fact, let H A P ShK be the relative first etale cohomology sheaf of A^° over Sh^- with coefficients 

in Ay. Then we only have to note that the isomorphism H A P ShK <8>cC ^> H A P ShK allows us to 
view H a p S[1k as a sub-sheaf of H A P SriK , which has trivial inertial action at every co-dimension 
1 point of .y? 1 . □ 
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6.28. Fix a healthy regular scheme T with an etale map T — > as above. Let H a p t be the 

first relative etale cohomology of A^ s over T with coefficients in Ay. Then the C-equivariant 
isomorphism in (|6.5.1[) makes sense over T, and we can identify Va p ..t with a sub-sheaf of 

rr®(l,l) 

Let Hcris.T be the relative first crystalline cohomology sheaf of over Tg p . 

Proposition 6.29. The natural embedding of vector bundles 

\r r- rr® ( - 1 ' 1 ') 
VdK,T Q C H dR Tq 

induces an embedding of vector bundles over T: 

-LdR,T C -H dRiT • 

This underlies an embedding of crystals of vector bundles over T^ p : 

-^cris.T C -H criSiT ■ 

Proof. Since T is regular, by |FC901 1.2.7], the isomorphism i from (|4.8p extends uniquely: 

ir ■ A$ s ■=> Hom c (C, A% s ) 
over T. This induces an identification of crystals over (TF p /Z p ) C ris with C-action: 

In turn this gives an embedding of crystals ( End is the internal End in the category of crystals 
over (T Fp /Zp) cri8 ): 

End c (Hnri a ,T) ->■ End g(iJ criSi r) 

/i->(ft®2i-> f(h)z). 

Under this embedding, the sub-crystal End g (i?cris,r) of grading-preserving endomorphisms 
maps onto the C-equivariant endomorphisms of H C tis,t that commute with A cr ; s , and the 
sub-crystal End ^ (i? cr is,r) of grading-shifting endomorphisms maps onto the C-equivariant 
endomorphisms of i? cr i s that anti-commute with A cr i S) r- 
Therefore, we obtain an embedding 

L cri8)T c End^(/f criSiT ) c H%£' 1 \ 

□ 

6.30. Given (|6.29l) . the notions of ^-specialness and p-specialness for an endomorphism of AjP 
carry over verbatim from Section |4] Denote the space of ^-special endomorphisms of AjP by 
L((A^, S ). Let L(A^ S ) be the space of special endomorphisms, where 'special' means ^-special 
for every £. 

Proposition 6.31. There exists a canonical isometry 

L(A* S ) ^A ± c L(A* S ) 
compatible with all cohomological realizations. 

Proof. Just as in the proof of (|4.9p . the isomorphism ix in (|6.29[) gives us an embedding 

L e (A^ s )^End(Aj s ) (py 

Checking on the level of cohomological realizations (for t ^ p) shows that this induces an 
isometry: 

L e (A* s ) A A x C L t {A$?). 
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Moreover, for each closed point s — > oS^ r , we have an isometry of W(fc(s))Q-modules: 

Levis. s ^ A ^ -^cris.s- 

This shows that L p (A^ s ) maps onto A 1 - C L p (A^ s ) = L(A^ S ). Putting all this together, we 
obtain the isometry claimed in the proposition. □ 

Corollary 6.32. Suppose that 

n + 2 

— - — + r < n. 

Then, for any point xq — > T valued in a perfect field k(xo) of characteristic p and any non-zero 
special endomorphism fo G L(A^), the deformation functor Dei( Xo Jo§^ * s represented by a 
closed formal sub-scheme ofT Xo , at least one component of which is fiat over Z p . 

Proof. This follows from (|fTTT|) and (|6TT2j) . □ 

7. ^-INDEPENDENCE 

We maintain the notation from § [SJ and we assume in addition that L is a maximal lattice, 
so that for suitable level K p c G(A^), we have the associated integral canonical model S^k 
over Z( p ). 

7.1. Suppose that we have s € S^jc(¥p), and suppose that s in fact arises from a point so 
defined over the finite field ¥ p r. Then, for each I ^ p and each m such that r|m, the p m -power 
Frobenius Fr m acts on H^ s and on Vt, s . 

Set Z™' = W(¥ p ) and let Q p r be its fraction field. We have the crystalline realization i cr i SjS : 

this is a Zp^-module of endomorphisms of the Z^'-module H cris ^ s . Set V^ r i S)S = £ C ris,s | j and 

let Vprig" 1 C K;ris,s denote the Q p -subspace of i^-equivariant endomorphisms. For any prime 

I, set 

ri = 



dim Ql .(lim V£» =1 ),if^p; 



dim Q „ VljL- 1 , \it = p. 



From now on, we will maintain: 

Assumption 7.2 (i'-independence) . rg is independent of i. 

Remark 7.3. This assumption should always hold by results of Kisin [Kisj . Also, by [KM74], it 
will hold if one can realize {{Vi yS \^ p , V cr i s .s) as the family of cohomological realizations of a 
motive over F p . 

Theorem 7.4. 

(1) If ' t 7^ p, the natural map 

r\rn 

is an isometry of Qi- quadratic spaces. 

(2) The natural map 

L(Af s ) ® Q p -> ® Q p 

is an isometry of Q p - quadratic spaces. 
In particular, for any prime I, Le(Ag) = L(A^ S ). 



^This is defined just as in Section [5] 
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Remark 7.5. Given our standing assumption (I7.2p . the numbered assertions of the theorem are 
equivalent to the following statement: tIlL(A^) = r, where r = rg, for one (hence any) prime 

i. 

The proof of this theorem will be given below following (I7.11[) . First, we make a reduction. 
Lemma 7.6. We can assume that L is perfect and that L(A^- S ) ^ 0. 

Proof. Choose any non-zero positive definite quadratic space A over Z( p ) such that V = V ® Aq 
admits a perfect Z/p\ -lattice L. Attached to this is a map of integral canonical models 5?k ^ 
5?% (cf. the construction in l|6.20p ). Let s be the image of s in S^g. Set 

~ = f dim Q*(_^ r | m ^ m=1 )' iU ^ p; 
\dim Qp V^f , i££ = p. 

Then, by construction (|6. 2316. 241) . we have, for all £, rt =rg + rk A. Therefore, the assumption 
([772]) holds for s e y K (Jp) if and only if it holds for s € i^(F p ). 
Moreover, by (|6.3ip . we have 

L(A™) = A^ c L(Aj s ). 
So we find that (|7.4p holds for s if and only if it holds for s. □ 

7.7. For £ ^ p and all m G Z>o such that r | m, let J^ )OT C GSpin(V?, s ) be the commutant of 
Fr m . Since Fr m is a semi-simple element, Ig jTn is a reductive sub-group of GSpin(V^,s)- In fact, 
for to large enough I^ m does not depend on to, and we will denote it simply by Ig. From now 
on, we will fix to such that — Ig. Note that, for such an to, and any m! > to with r\m', 
we have 

Lemma 7.8. .For every £^p, V^ m_1 is an absolutely irreducible representation of Ig. 

Proof. Let q — p m . Fix £ ^ p, and let 1, ccf 1 , . . . , a* 1 G be the distinct eigenvalues of Fr m 
acting on Vg^ s - Since Fr m is semi-simple, for £ ^ p, the image of Ig ® Q f in SO(V^ s q ) is the 
product 

r 

\ i.s,Q e > 11 v t,s,Q e ) 
»=1 

From this description, the lemma is immediate. □ 

7.9. Let Aut (^ s ) be the group scheme of units in the ring End(Af s ) (p) ® Q: this is an 
algebraic group over Q. For £ ^ p, there is a natural embedding of algebraic Q^-groups 

ig : Aut°(^ s ) ® Q Qg GL(H e , s ) 

defined by the functoriality of £-adic homology. 

Similarly, we have a natural embedding of algebraic Q p r -groups 



i p : Aut°(Af b ) ® Q GL(i? cris , S)Q nr). 



Let / C Aut °(A^- s ) be the largest closed sub-group that maps into GSpin(V^ lS ) under ig for 
each £ ^ p, and into GSpin(V^ r is !S ) under i p . 

We will need the following proposition, due to Kisin |Kisj . 

Proposition 7.10 (Kisin). Suppose that L is perfect, and that £ =/= p is a prime such that Ig is 
split. Then the natural map lQ, e — > Ig is an isomorphism. 

□ 
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Remark 7.11. Let us briefly recall the striking yet simple idea behind the proof of the proposi- 
tion. / is easily seen to be reductive, since it preserves a polarization on A^ s . So it suffices to 
show that Jq < contains a Borel sub-group of Ig. For this, using the splitness of If,, it is enough 
to prove that the £-adic space I(Qe)\Lt(Qe) is compact. Kisin accomplishes this by showing 
that, for an appropriate compact open Ui c Ie(Qe), the double coset space I(Qe)\Ie(Qe) /Uf 
can be identified with a sub-set of S fi K(¥ q ): namely, the '£-power isogeny class' of s. 

Proof of |7.^| ). By (|7.6[) , we can assume that L is perfect and that L(A^ S ) ^ 0. For £ ^ p, the 
map 

is a map of I ® (^-representations, and so, by (|7.10l) . for a particular choice of I, it is in fact 
a map of /^-representations. But now, by (I7.8[) . V e l m_1 is an irreducible representation of If, 
which implies that this map must be an isomorphism for this choice of I. By (|7.5[) , this finishes 
the proof of the theorem. □ 

The following corollary is inspired from [Fal841 §3] . 

Corollary 7.12. Suppose that the £ -independence assumption J7.ff| ) holds at every point in 
^k(¥ p ). Let s S?k be a point defined over a finitely generated extension of¥ p , and let 
s — > S"k be a geometric point above s. Then, for each prime £ ^ p, the natural map 

is an isometry of Qg- quadratic spaces. 

Proof. We can assume that k(s) — k(X) is the function field of a smooth, geometrically con- 
nected variety X over ¥ q equipped with an F 9 -valued rational point x$. We can also arrange 
things so that s arises from a map s : X — ¥ S^k-, and thus specializes to an F g -valued point 
so = so xo. By shrinking X if necessary, we can further assume that 

En d(^ S ) (p) =End(AP) (p) . 

By the definition of specialness, we have: 

(7-12.1) L(Af s ) = End(Af) (p) n L« s ) C End« s ) (p) . 

Therefore from (|7.4I) . we find, for a geometric point sq lying above Sq: 



(7.12.2) L{Af s ) <E)Q e = \End(Af s ) (p) ® Qej D V e , Jo C End(H^ ). 

By |Zar76j . we have, for any £ ^ p: 

(7.12.3) End(4p) (p) ® Q e A End Aut(fc(s)/fcW) (H LJ ) . 

Combining this with (|7.12.2[) gives us the result. □ 
Finally, we can prove an £- independence result for special endomorphisms. 



Corollary 7.13. Suppose again that the £ -independence assumption £FJty holds at every point 
in S^k{¥ p ). Let T be an S^K-scheme and suppose that f g End(A^ s )( p ) . Then f is special if 
and only if it is £o~special for some prime £q. 



Proof. Suppose that, for some prime £q, / is £o-special. Then, by (|4.4j) and (|7.4|) . the locus 
where / is special is an open and closed sub-scheme of T that contains T ® Q and T(¥ p ), and 
so must be all of T. □ 

Remark 7.14. All the above results continue to hold for an arbitrary quadratic lattice (L,Q) 
satisfying the condition n > r, provided one restricts to points factoring through a healthy 
regular scheme T as in (|6.28p . 
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8. COMPACTIFICATIONS 

We will now show how the results of [MP13a provide us with toroidal compactifications of 
the integral models of Spin Shimura varieties. Liberal use will be made of both notation and 
definitions from |MP13al §5], but we will give precise references as necessary. A good reference 
for our particular situation is |H5rl01 §10.2]. For references to other works on compactifications, 
we direct the reader to [M P 13a] . 

(L, Q) will be a quadratic space over Z( p ) such that V — Lq is non-degenerate of signature 
(n, 2). We continue to assume n > 1. We set r = dimrad(Lf ). Let C = C(V,Q) be the 
Clifford algebra over Q; when we view it as a representation of GSpin(y, Q), we will denote it 
by H. In contrast to prior convention, we will use the letter G to denote the reductive Q-group 
GSpin(V, Q), and we will write Gz (p) for the smooth Z( p )-group scheme attached to L by (|2.2[) . 

8.1. To begin, we consider the proper admissible parabolic sub-groups of G (cf |MP13a] 4.2.2]). 
For our purposes, justified by [H6rl0, §10.2], these are simply the parabolic sub-groups of G 
that stabilize non-zero isotropic subspaces M C V. Since Vr has signature (n, 2), the dimension 
of M can be either 1 or 2 . 

Fix an isotropic sub-space M C V, and let P{M) C G be the attached parabolic sub-group. 
We allow M = 0, in which case P(M) = G. Let W(M) C P(M) be its unipotent radical and 
let U(M) C W(M) be its center. In |Pin90[ 4.7], Pink associates with P(M) and the Shimura 
datum (G, X), a normal sub-group Q(M) C P(M). Given a connected component X + C 
he also defines a Q(M)(R)Z7(M)(C)-conjugacy class F$ x+ C tt (X) x Hom(§ c , Q(M) C ) as 
follows: There is a natural map 

ro:X^Hom(S c ,Q(M) c ) 

such that the image of X+ lies within a Q(A/)(R)J7(M )(C)-orbit. We now take F$ x+ to be 
the Q(M)(M)C7(M)(C)-orbit of ([h],w h ) G n (X) x Hom(S c , Q(M) C ), for any h G X+ . 

Let U(M)(R)(-1) be the image of LieJ7(Af) K ■ 2tt\/^T in U(M)(C). Then F$ x + admits a 
map to [/(M)(R)(— 1) defined as follows: To every ([h],u;) G F M ' X+ it attaches the unique ele- 
ment w G U (M)(R)(— 1) such that wl>jw~~ 1 is defined over R. Then X + can be identified with the 
pre-image in F M x+ of an open homogeneous convex self-dual cone Hm,x+ C U(M )(R)(— 1). 

Let L(M) be the Levi quotient of P(M) and let L(M) h be the image of Q(M) in i(M). 
If F m,x+ = U(M)(C)\F$ X+ and F P>X+ = W(M)(C)\F$ X+ , then (L (M) h,F M ^ x +) is a 

(2) 

Shimura datum. The pair (Q(M), x+ ) is a rational boundary component for [G, X). 

8.2. Let us make these objects more concrete. The case M = is trivial, so we begin with the 
case where dimM = 1. Here, W(M) = U(M) is commutative and can be identified with the 
vector group attached to the Q-vector space 

Hom(M ± /M, M) = {M ± /M) <x> M. 

Consider the 3-step ascending filtration 

= W- 3 V C W- 2 V = W- X V = M C W Q V = W X V = M 1 - c W 2 V = V. 

This is the unique filtration on V that can be split by a co-character G m — ¥ Gq and is such that 
the associated ascending filtration on Lie G is stabilized by P(M) and satisfies: Wo Lie G = 
Lie P(M) and W-i Lie G = W- 2 Lie G = Lie W{M). 
It induces a 2-step ascending filtration on H (cf. I1.13|) : 

= W-iH c W H = im(M) = W^if c VK 2 i? = H. 



Note that X has two connected components, which can be thought of as parameterizing the two orientations 
for C as an R-vector space. 
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Now Q(M) can be identified with the sub-group of P(M) that acts trivially on WqH. It 
can be non-canonically identified with the semi-direct product W(M) k G m , where G m acts on 
W(M) via dilation. To see this, we choose a basis element v £ M and another isotropic element 
v' £ V such that [v,v'] q = 1. Then the isomorphism W(M) X G TO ^> Q(M) is induced by: 

G m -> Q(M) 
z i— > z 2 v'v + v v' . 

In fact this homomorphism is precisely the co-character of G that acts trivially on WqH and 
via z 1 on ker(u'). In particular, L(M)f l — G m . 

Given h £ X, we have the attached Q-Hodge structure of weight 0. This gives us a 
splitting of the weight filtration 

V C = M C ® (M c + © V^" 1 . 

Then tuh : §c = G m ,c x G m ,c - ^ Qc is the unique map such that vjh(z, w) acts via z~ 1 w~ 1 on 
Mc, via zw on and trivially on (Mc + 

One can now check that the attached Shimura datum is simply (G m , S (0)), where S (0) is 
the set of square roots of —1 in C |MPI3a[ 4.1.6]. Note that we are using Pink's slightly more 
general definition of a (pure) Shimura datum here. 

If we choose a basis for M and fix a square root yj— 1 £ C for — 1, then we can identify 
U(M)(R)(-1) with (M X /M) R , a signature (n - 1,1) quadratic space over R. Then, given 
a connected component X + C X, H M ^ X + is a connected component of the spherical cone 
{v £ (M X /M) K : Q{v) < 0}. 

Lemma 8.3. Suppose that K p = G Z(p) (Z p ). Then the image ofQ(M)(Q p )nK p in L(M) h (Q p ) = 
Q p x ^ p ■ 

Proof. Choose a perfect quadratic lattice (L, Q) admitting (L, Q) as a direct summand, and let 
Gx., , be the attached smooth group scheme over We can identify Gz ip) as a sub-group 

scheme of G Z(P) by ([^2]) . Set K p = G Z(p) (Z p ); then, by Zoc. cit. K p n G(Q P ) = i^. So, to 
prove the lemma, we can assume that (L,Q) is perfect, and now the assertion is evident. □ 

8.4. Next, suppose that dimAf = 2. In this case, we have LieU(M) = A 2 M C LieG; we 
will identify U(M) with the vector group attached to A 2 M. Moreover, W(M)/U(M) can be 
identified with the vector group attached to Hom(M ± /M, M). 

Just as in the previous case, we have ascending filtrations attached to M: 

= W- 2 V C W-iV = M C W V = M ± C WxV = V; 
= W-iH C W H = im(A 2 M) C WiH = im(M) C W 2 H = H. 

Then Q(M) C P(M) is again the sub-group acting trivially on WqH . To be more explicit, fix 
another isotropic plane M' C V that pairs non-degenerately with M. This gives us a splitting 
of W.V: 

V = V_ 1 ®V ®V 1) 

where V_i = M, Vi = M' and V = (M + M') x . This in turn gives us a splitting of W,H: 
H = Hq Hi i?2- We have an identification 

M® G((M') ± ) ^> i?i 
v ®y>-^ vy 

This allows us to view iii as a representation of GL(M) via its natural action on M and 
the trivial action on G((M') X ). Consider the map GL(M) — > GL(H) via which GL(M) acts 
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trivially on Hq, via the representation just denned on H±, and via the determinant on H^. This 
in fact maps GL(M) into Q(M) and gives us an isomorphism 

W(M) x GL(M) Q(Af). 

So we find that L(M) h = GL(M). 

Given hg I, we obtain a decomposition 

Vfc = (M c n F°v h , c ) © (M c n FV h>c ) © (A*£ n v£-°) © FV h , c © A x vk, c . 

Under this decomposition we have 

vj^z^w) = (z ,w ,l,w,z). 

From this description, we find that, for any connected component X + C A, the Shimura 
datum (L(M)h, F M X +) = (GL(Af),S (M)) is just the classical one giving rise to modular 
curves. Moreover, X + determines an orientation on the line ?7(M)r(— 1) ~ A 2 A/r(— 1), and 
Hjfx+ C ?7(M)k(— 1) is simply the positive cone under this orientation. 

The proof of the following lemma is completely analogous to that of (I8.3[) . 

Lemma 8.5. Suppose that K p = Gz (p) (Z p ). Then the image of Q(M)(Q p )r\K p in L(M)h(Q P ) = 
GL(M)(Q P ) is GL(MnL)(Z p ). 

□ 

8.6. A cusp label representative or CLR $ for (G, X) is a triple (Af$, A^", <?$), where 
M$ C V is an isotropic sub-space, X£ C X is a connected component and <?$ € G(A/). Given 
a compact open A c G(A/), two CLRs 3>i,<i>2 are equivalent at level A" if there exists 
7 € G(Q) such that 7 • M $1 = Af$ 2 , 7 • A^ = A^ 2 and 75^ e Q(M^ 1 )(Af)gg >2 K. When 

$1, $2,7 satisfy these conditions, we will write $1 $2. We will denote by Cusp K (G, A) the 
set of equivalence classes of CLRs at level A. Note that there is exactly one equivalence class 
[<£>] with M$ — 0; we call this the improper class. 

Fix a compact open A as above; we will assume that A is neat. Given a CLR $, we can 
attach to it the Shimura variety (defined over Q): 

Shjc. := Sh K .(L{M 9 ) h ,F 9 ). 

(2) — i 

Here, A$ := F M x + and A$ is the image in L(M<&)h of K$ = Q(A1$)(A/) Hg^Kg^ . 

(2) 

Let B$ = J7(M$)(Q) n A^ . this is a free abelian group. Let E$ be the Z-torus with 
co-character group B$. Over Sh^, we have an abelian scheme G<j|l, and over G$ there exists 
an E$-torsor £$. We have identifications of analytic varieties: 

C*(C) - Q(Af $ )(Q)\A^ 1) x Q(Af $ )(A / )/A< ) 2) ; 
&(C) = Q(M*)(Q)\4 2) x Q(Af $ )(A / )/A^ 2) . 
The tower — > G$ — > Sh^ is determined up to isomorphism by the class of $ in Cusp x (G, A). 

8.7. Choose a perfect quadratic Z( p ) -lattice (A, Q) admitting (A, Q) as a direct summand. 
Let (G, A) and G%. . be the Shimura datum and the smooth Z( p ) -model for G attached to A, 
respectively. Set K p = G Z(p) (Z p ) and A p = G Z(p) (Z p ). Let K? C G(A^) and A p C G(Ap 
be compact open sub-groups such that, with A = K p K p and A = K p K p , A c A", and 
the map Sh^- — > Sh^ is a closed embedding. Such compact open sub-groups always exist; 
cf. |KislO} 2.1.2]. Sh^ admits a smooth integral canonical model =5^ over Z( p j, and, for any 



6 An honest abelian scheme, and not just one up to prime-to-p isogeny. 
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compatible rppcd E for (G,X,K), this model admits a good toroidal compactification J^M] 
cf. |MP13al 4.6.13]. 

In particular, for any CLR $ for (G,X,K) 7 the associated tower £j — > Cg — > Shg_ admits 
an integral canonical model over Z( p ) : 

(8.7-1) S 5 ^C 5 ^^_. 

Here, is the integral canonical model for Sh^ 5 , Cj, is an abelian scheme over J^Ej, 

and Ej, is an Ej-torsor over Cj. 

If $ is a CLR for (G, X, K) giving rise to $ [MP13a[ 4.2.11], then the tower 

(8.7.2) ^ -> C* -> Sh K „ 

maps hnitely into the corresponding tower for and it makes sense to consider the normal- 
ization of (|8.7.1[) in (|8.7.2[) . We can write this normalization as a tower E$ — » C$ — > S^k^- 

Lemma 8.8. Assume that L is maximal and that n > r. Suppose that $ is proper. Then S^k® 
is smooth over Z( p ), C$ is an abelian scheme over S^k^ and E$ is an ~E$-torsor over C$. 

Proof. It is enough to show that S^k* is smooth over Z( p ). The rest of the lemma will follow 
from |MP13al 4.4.7,4.6.14]. The assumption n > r is needed because we need the integral 
canonical model S^k to be reduced (cf . I6.22[) . 

Suppose first that dimAf = 1. Then the attached Shimura variety Shx s is the finite ctalc 
Q-scheme attached to the Gal(Q/Q)-set /Q >0 K$, equipped with a Galois action via the 
Artin reciprocity map. From (|8.3I) . we see that Sh^ is unramified at p and so its integral 
canonical model is a finite etale Z( p ) -scheme S^k^- 

Now suppose that dim M = 2. Then Shf^ is just the modular curve of level K$. (|8.5[) shows 
that the level at p is the maximal compact sub-group that stabilizes L$ := M C\ g$ :P L% p , and 
so Sh^'^, has an integral canonical model S^k* over Z( p ) that parameterizes elliptic curves up 
to prime-to-p isogeny equipped with K^-leve\ structures. □ 

Remark 8.9. With a bit more effort, one can also describe C$ and E$ intrinsically. When 
dimili^ = 1, this is particularly simple: C$ is the trivial abelian scheme over Sh^, and is 
extended over S*k* by the trivial abelian scheme C*. Similarly, is the trivial E$-torsor 
over Sh^, and so is extended over S"k* by the trivial E$-torsor E$ = E$ XspecZ-^K*- When 
dim M$ — 2, let E — > S^k* be the universal elliptic curve (up to prime-to-p isogeny). One can 
then identify C$ with Hom (L^, / L®, E) in the prime-to-p isogeny category. 

8.10. Let M C V be an isotropic line; then, for any isotropic plane M' C V with M C M', 
there is a natural inclusion U(M') c U(M). For any connected component X + C X, this 
embeds H-m>,x+ m t° the closure of H M X + in [7(M)(M)(— 1). We set 

H-M,X+ = H-M,X+ [J(Ua/'dmH M / 

where the second union is over isotropic planes containing M. 
If M is an isotropic plane, then we set H* M x+ = H M X + ■ 

Recall the notion of a compatible rational polyhedral partial cone decomposition (rppcd, for 
short) for the triple (G, X, K): This is an assignment S, to each CLR $, of a collection E$ of 
rational polyhedral cones a C HJ, = x+ such that any face of a cone in E$ is again in E$. 
It has to satisfy certain compatibility and finiteness conditions, for which we direct the reader 
to [MP13a[ 4.2.14]. Let E| C E$ be the set of cones contained in H$. If dimMj, = 2, then 
E|> = E$. 

Fix an rppcd E for (G, X, K). We will say that two pairs (<&i,cri) and ($2,0-2) with cr, E EJ. 
are equivalent if there exists <&i and $2 are equivalent along some 7 € G(Q) such that 7 • u\ = 
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(72- Here, we are using the natural conjugation isomorphism 7 : U(M^ 1 ) ^> £/(M$ 2 ). Write 
Cusp jr (G, X) for the set of equivalence classes. We say that an equivalence class [($1,0-1)] is a 
face of an equivalence class [($2, 0-2)] if we can find representatives ($1, <j\) and ($2, 02) such 
that M$ 2 C M$j and such that a\ is a face of a 2. when viewed as rational polyhedral cones 
within H^ 2 . 

Given a CLR <£> and a rational polyhedral cone a C H$, we can define the twisted torus 
embedding H$ <^-» H$(cr) over C$; cf. |MP13a[ §4.2]. Let Z$(cr) C H$(cr) be the closed stratum 
and let £$(cr) be the completion of H$(er) along Z$(ct). 

The following theorem is now an easy consequence of MP13a, 4.4.7] and (|6.22D . 

Theorem 8.11. Assume that L is maximal and that n > 70. Let E be a compatible rppcd 
for (G,X,K) inducing the compatible rppcd S /or (G,X,K) |MP13al 4.2.20]. Let S? K be the 
integral canonical model for Sh^ over 1(r>\ ■ Let be the normalization of the Zariski closure 
of Shx in <5ji> and let be the reduced closed sub-scheme underlying S^^\S fi K- Then: 

(1) D^- is a relative Cartier divisor over Z( p ) . In particular, ^k.¥ p is an open dense 
sub-scheme of 5^ Fp . 

(2) admits a stratification indexed by Cusp^-(G, X): 

y K= \_\ Z [(*,<t)]- 

[(*,<>•)] 

In this stratification, Zr($ ct ni lies in the closure of Tiu&t a ')\ if and only if [($, a)] is a 
face of ■[(*', a')}. 

(3) For any representative ($,cr) o/[($,cr)], Zr($ )0 .)] is isomorphic to Z$(<r). Moreover, 
the completion 3£[($ j0 -)i of 5^ along Zr($ i<T )i is compatibly isomorphic to X$(cr). 

□ 

Remark 8.12. The argument in |MP13al §4.7] now shows that, when L is maximal, the Heckc 
action of G(A?) on the integral canonical model ^R- p extends to the tower of its toroidal 
compactifications in the expected way. 
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